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SUGGESTED USE
FULL SCREEN SINGLE-SLIDE MANUAL ADVANCE

(UNDER MACOS 12, SLIDEPILOT TRANSITIONS ARE CLEANER THAN PREVIEW’S)



SPECIAL NOTATION

FO) = /07r df (1 + e”@)

2
e 1
o = ~ —
dmeghe 137




LORENTZ INVARIANTS



/
ot = A x”

Lorentz transformation



= A" ¥

20 = %20 + A%, 2t + A%2% + A%a°
2= ALz + AL a4+ ALa? 4 AL
2% = A2 + A2 0t + A%0% 4 A%
2 = %020 + A%t + A% 4 A

Expand implied sum



2™t = A" Y y=1/y/1=2"

2’0 = A%z + A% 2" + A%a% + A°%52° t' = y(t +vz)
2= ATz 4 At 4 Alya? 4 ALy & = ~y(z + vt)
2% = 2220 + A%t + A% 4 A% v =y

2 = Asomo + Azt A2+ /133303 2 =

Label relative motion direction = & =’



2™t = A" Y y=1/y/1=2"

20 = A%’ + A% 2" + A%a? + A%a° t' = ~(t + vx) E' = ~y(E + vp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE)
2% = A%00 + A%t + A%a? + A% S =y 0= p,
o Asomo + /13191:1 + /132362 + /133303 2=z p.=p.

Energy-momentum Lorentz transformation



/
ot = A x”

oy :A00x0+/101x1 +/102a:2+/103m3
2 :A10x0+/111m1 +A12a:2+/113x3
22 :A20x0—|—/121x1 +A22m2+/123$3
23 :A30m0+/131a:1 +A32x2+/133x3

y=1/y/1=2"

t' = ~(t + vx)
z' = y(x + vt)
v =y
2=z

E = v(E + vp,)
Pr = 7(ps +vE)
Py =Dy
P =p.

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,

Differential form



2™t = A" Y y=1/y/1=2"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =Py dp; =dp,

p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? = p

Mass is spacetime momentum length



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =Py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

Spacetime split



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =Py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m =p =(p ) —p =E —p; —p, — D

Rectangular components



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =Py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? =p° = (p°)? —p° = B> —p} —p, —p>
0=2FEdE — 2p,dp, —0—0

Differential, assuming relative motion in the z direction



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? =p* = (p°)° - p° = E* — p. — p;, — p?
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,

Rearrange



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m® =p° = (p")* - p* = E* —p; — p, — p:
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,

dpy =~ (dp, + v dE)

Lorentz transformation



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m® =p° = (p")* - p* = E* —p; — p, — p:
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,

E dp), = Ev (dp, +vdE)

Multiply



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m® =p° = (p")* - p* = E* —p; — p, — p:
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,

Edp, = v (Edp, +vE dE)

Distribute



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? =p° = (p°)? —p° = B> —p} —p, —p>
0=2FEdE — 2p,dp, —0—0
E dp, =~ (E dp, + vp,dp,)

Substitute



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? =p° = (p°)? —p° = B> —p} —p, —p>
0=2FEdE — 2p,dp, —0—0
E dpy = (E +vp,) dp,

Factor



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m® =p° = (p")* - p* = E* —p; — p, — p:
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,

Edp, = E'dp,

Lorentz transformation



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

dp, _ dp,
E E

Rearrange



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

m? =p° = (p°)? —p° = B> —p} —p, —p>
0=2FEdE — 2p,dp, —0—0

EdE = p,dp,

dpydpydp,  dp,dp,dp,

E’ E

No change perpendicular to motion



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

E E

Consolidate



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

E E

d3p/E' is invariant, where E* = 52 + m>



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

2 0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

E’ E
& Pk




Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

2 0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

dBp/ _ dep
E E
&
Wwoow

FE = w, p = k in natural units



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

2 0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

dBp/ _ dep
E E
&
Wwoow

3 o . 2 _ 72 2
d’k/w is invariant, where w” = k" +m



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =Py dp; dp,,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m =p =(p ) —p =E —p; —p, — D

0=2FEdE — 2p,dp, —0—0

d3pl _ d3p
E E
37/ 3

g



Ay y=1/\/1-v"

20 = A%’ + A% 2" + A%a? + A%a° t' = ~(t + va) E' = ~(E + vp,) dE" = y(dE + v dp,)
2"t = Ao’ + AN 2t + AT + Aa? a’ = y(x + ot) Py = v(ps + vE) dp;, = y(dp, + v dE)
' = A20a2° + A% 2t + A%5a” + APa® Y=y Py =Dy dpy, = dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,
m® =p° = (p")* - p* = E* —p; — p, — p:
0=2FEdE — 2p,dp, —0—0
dgpl dgp / /
= 1= /[ dp,d = [ dp,d
s 15 / P20 (Pz) / 6 (Pe)
Pk = Dirac delta unit normalization
= T



= A" ¥
210 :A00x0+/101x1+/102x2+/103x3
x/l 2/1101’04—/1113:1 +A12$2+A13l‘3
22 :A20m0+/121x1 +A22x2—|—/123$3
NG :A30$0+A31$1 +A32x2—|—/133x3
0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

d3p/ _ d3p
E E
37/ 3

& g

7:1/\/1—1}2

t'=(t + vzx) E' =~(E +vp,)
z’ = y(z +vt) P =v(p, +vE)
y =y Py =Dy
7=z p. =p.

dp,8(py) = dp,6(py)

1D variable change

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



2™t = A" Y y=1/y/1=2"

20 = A%’ + A% 2" + A%a? + A%a° t' = ~(t + vx) E' = ~y(E + vp,)
2t = A2’ + ANt + AN+ AN 2 = () P = ¥(ps + vE)
.’K/Q _ A20$0 + A21$1 + AQQ.TQ + A23.’K3 yl =y p{y _ py
o /1303:0 + /13191:1 + /132362 + /133303 2=z p.=p.
m® =p* = (p°)" —p* = B* — p; — p;, — 1’
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,
dgp/ dgp / /
= Edp,é = Edp,0

7 - & p20(ps) P (ps)
Pk A% Multiply

= T |

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



2™t = A" Y y=1/y/1=2"

20 = A%’ + A% 2" + A%a? + A%a° t' = ~(t + vx) E' = ~y(E + vp,)
2t = A2’ + ANt + AN+ AN 2 = () P = ¥(ps + vE)
.’K/Q _ A20$0 + A21$1 + AQQ.TQ + A23.’K3 yl =y p{y _ py
o /1303:0 + /13191:1 + /132362 + /133303 2=z p.=p.
m® =p’ = (")’ —p* = B —p; —p, — D>
0=2FEdE — 2p,dp, —0—0
EdE = p,dp,
dgp/ dgp / /
= Edp,é = Edp,0

7 - & P (pz) P20(ps)
Pk 3k Substitute

= T |

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

EdE = p,dp,

dgp/ dgp / /
31/ 3 Cancel

L% g



= A" ¥
xlO :A00$0+A01$1+A02$2+A032L‘3
x/l 2/1101’04—/1113:1 +A12$2+A13l‘3
.T/Q :A20$0+A21$1 +A22$2+A23$3
NG :A30$0+A31$1 +A32x2—|—/133x3
0\2 —2 2 2 2 2
m-=p =) —p =E —p; —p, —D:

0=2FEdE — 2p,dp, —0—0

d3p/ _ d3p
E' E
37,/ 3

g

7:1/\/1—1}2

t'=(t + vzx) E' =~(E +vp,)
z’ = y(z +vt) P =v(p, +vE)
y =y Py =Dy
7=z p.=p.

E'§(p,)8(py)8(p-) = E6(p,)8(py)d(p.)

No change perpendicular to motion

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



= A" ¥
210 :A00x0+/101x1+/102x2+/103x3
x/l 2/1101’04—/1113:1 +A12$2+A13l‘3
22 :A20m0+/121x1 +A22x2—|—/123$3
NG :A30$0+A31$1 +A32x2—|—/133x3
0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

d3p/ _ d3p
E E
37/ 3

& g

7:1/\/1—1}2

t' = ~(t + vx)
z' = y(x + vt)
v =y
2=z

E = v(E + vp,)
Pr = 7(ps +vE)
Py =Dy
P =p.

E'$*(p') = E&°(p)

Consolidate

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



J;/“ — AMVIV
xlo :A00x0+/1013:1 +A02$2+A03m3
" = /11035'0 + ANt 4+ A+ A13x3
v = A20m0 + /121331 + /122362 + /123$3
m/?» — /1303;0 + /13191:1 + /132362 + /133303
02 2 2 2 5 )

0=2EdE — 2p,dp, —0—0

dBp/ _ dgp
E' E
377 3
P _ % g

vzl/m

t/ = 'Y(t‘i’vx) E’ = ’Y(E+Upz)
z' = ~(z + vt) Pl = y(ps + VE)
y/:y p; —p,
2 =z o= p.

E's*(p') = E5°(F)

dE" = y(dE +v dp,)
dpl, =~(dp, +vdE)
dp; dp,
dp’. = dp,

E 6%() is invariant, where B> = 5> + m”



= A" ¥
210 :A00x0+/101x1+/102x2+/103x3
x/l 2/1101’04—/1113:1 +A12$2+A13l‘3
22 :A20m0+/121x1 +A22x2—|—/123$3
NG :A30$0+A31$1 +A32x2—|—/133x3
0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

d3p/ _ d3p

E E

37/ 3

& g
w

7:1/\/1—1}2

t'=(t + vzx) E' =~(E +vp,)
z’ =y(z + vt) P =v(p, +vE)
y =y Py =Dy
7=z p. =p.

E'§*(p') = E6°(F)

W E) = w8 (k)

E = hw, p=hk

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



= A" ¥
xlO :A00$0+A01$1+A02$2+A032L‘3
x/l 2/1101’04—/1113:1 +A12$2+A13l‘3
.T/Q :A20$0+A21$1 +A22$2+A23$3
NG :A30$0+A31$1 +A32x2—|—/133x3
0\2 —2 2 2 2 2
m-=p =) —p =E —p; —p, —D:

0=2FEdE — 2p,dp, —0—0

d3p/ _ d3p

E' E

37,/ 3

g
w

7:1/\/1—1}2

t'=(t + vzx) E' =~(E +vp,)
z’ = y(z +vt) P =v(p, +vE)
y =y Py =Dy
7=z p.=p.

E'$*(p') = E&°(p)

W E) = w8 (k)

FE = w, p =k in natural units

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; = dp,
dp, = dp,



Ay y=1/\/1-v"

20 = A°%2° + A° 2" + A%a” + A% t' = ~(t + vx) E' = ~y(E + vp,) dE" = ~v(dE + v dp,)
ot = AN’ + ANt + A+ A 2 =z ot Pe = (pz +VE) dp, = y(dp, + v dE)
2 = 202’ + A 3" + A%x® + A% Yy =y p; =py dp; =dp,
p? = A2’ + A% 2t + A%ha® + A2 7=z P =p. dp’, = dp,

0\2 —2 2 2 2 2
m-=p =(p) —p =FE —p,—py, —p:

0=2FEdE — 2p,dp, —0—0

FEn pe B .
o =B E'$(5") = E6°()
37/ 3

dw’f _ % n WS (R = w s (F)

37 s . 2 _ 72 2
w4 (k) is invariant, where w” = k“ +m



= A" ¥
20 :A00x0+/101x1 —|—A029:2+/103m3
x/l 2/1101’04—/1113:1 +A12$2+A13.T3
$/2 :A20m0—|—/121x1 +A22w2+/123$3
23 :A30m0+/131a:1 +A32x2+/133x3
0\2 —2 2 2 2 2
m =p =(p ) —p =E —p; —p, — D

0=2FEdE — 2p,dp, —0—0

d3pl _ d3p
E E
37/ 3

& g

7:1/\/1—1}2

t'=(t + vzx) E' =~(E +vp,)
z’ =y(z + vt) P =v(p, +vE)
y =y Py =Dy
7=z p. =D,

E'§*(p') = E6°(F)

WO E) =wds (k) m

dE" = ~v(dE + v dp,)
dp’, = v(dp, + v dE)
dp; dp,
dp, = dp,



1:/d3p53(ﬁfﬁ’)

Dirac delta normalization is Lorentz invariant



/dp5 /dpE(S 7)

C P mvaria W = —|—
omponen nts, lth E p m



A’ I
/dp5 P—7) /( P p s /):/(2:)% (2m)*2E 8% (5 — ")

Convenient normalization






/dp5 P—p)

FE = w, p = k in natural units

/dpEé
3
1:/(13/@53(/2—15’):/%%

8k —







EULER-LAGRANGE EQUATIONS



S:/dtL

Action is the temporal integral of the Lagrangian



S:/dtL :/dt/d?’mc
T \%

Lagrangian density



S:/dtL :/dt/d?’mc ://dtd3x£
T \% TJV

Iterated integral — 4D integral



S:/dtL :/Tdt/vd?’m,c =/T/thd3:c£ :/Qd“x,cw,am

4-volume d’z = dz"dz'da’dz® = cdt da dy dz



S:/dtL :/Tdt/vd?’m,c :/T/thd3x£ :/Qd“m,cw,am

4-volume d'z = da’dx" da’da® = dt da dy dz in natural units



S:/dtL :/dt/ &Pr L ://dtd3x£ :/ d*z L(¢,d,0)
T 1% TJV (9]

Compare mechanics L(z, )



S:/dtL :/dt/ &Pr L ://dtd3x£ :/Qd“m.cw,am)

T 14 TJV

666, 30| =0

Vary field ¢(z) except on boundary



S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3@,6@)

T 14

666, 30| =0

0=465

Action is stationary if variation vanishes



S:/dtL :/dt/ &Pr L ://dtd3x£ :/ d*z L(¢,d,0)
T 1% TJV (9]

666, 30| =0

0=d5 = [ d'3L(6.0,0
(]

Variation and integration commute for fixed 4D volume (2



S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3@,6@)

T 14

609, 08 =0

0=d5 = [ d'3L(6.0,0
(]

[ o4 (0 oL
_/Qdac<af¢5¢+ W&(@,ﬂﬁ))

Variational chain rule



T 14

S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3@,6@)
b — 99, 5¢‘6Q:

0 =355 :/9(14906£(¢,3H¢)
:/Qd‘*x <7¢6¢+ (8f¢) (m))

:/d4 (%&H (8f¢) (5¢))

Variation and derivative commute
dg=(q+d9) —q —
6(9,q) = 0,(q + 6q) — Orq = 0,(dq)



:/dtL :/dt/d?’mﬁ ://dtd3x£
T \% TJV

¢ — 39, 5¢‘6Q:
0= 35 = / A2 5L(9,0,0)
2

= [, (Gt + ok )

= [ (%5“5 + 56,57 (‘5@)

= [ (G52 (5 (8f¢>)5¢)

Partial integration

_ / d* L(6,8,0)
0

d(w) = duv +udv —

b b
+/ udv:—/ duv + uv

b




S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3(@6@)

T 14

b — 84, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

= [, (Gt + ok )

= [ (%5“5 + 56,57 (‘5@)

= [ (G52 (5 (8f¢>)5¢)

Partial integration

d(w) = duv +udv —

b b
+/ udv:—/ duv

with vanishing boundary term ¢(z) =

0



S:/dtL :/dt/ &Pr L ://dtd3x£ :/ d*z L(¢,d,0)
T 1% TJV (9]

666, 30| =0

0 =48 :/ d'w6L(6,0,9)
2
oL oL
_ o i — (0,
/, I<8¢ "t 50,0 ”¢))
oL oL

96°° " 50,9) 8“(5@)

(
= J e (a2 (se) )
(

oL oL
9 9,25 Vs
90 “awm) ¢

Factor the variation



S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3(@6@)

T 14

b — 99, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

= [ s (—¢6¢+ (‘9f¢) (m))

:/d“ (%&H (8f¢) (5¢))

= [, (5% 2 (5t5.a7) )

= | & (% oL )6
L2 (55 ~ 93,5 ™

oL oL

Since variation is arbitrary, integrand must vanish



S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3(@6@)

T 14

b — 99, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

= [ s (—¢6¢+ (‘9f¢) (m))

:/d“ (%&H (8f¢) (5¢))

= [, (5% 2 (5t5.a7) )

= | & (% oL )6
L2 (55 ~ 93,5 ™

oL oL

oL _, oL
96~ " 9(0,9)

Solve




S:/dtL :/dt/ &Pr L :/T/thd%;z: :/{;1%/3(@6@)

T 14

b — 99, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

= [ s (—¢6¢+ (‘9f¢) (m))

:/d“ (%&H (8f¢) (5¢))

= [, (5% 2 (5t5.a7) )

= | & (% oL )6
L2 (55 ~ 93,5 ™

oL oL

oL =9 oL Compare 1D mechanics a—L = oL

96~ " 0(0,9) dq — dt 9




T 14

S:/dtL :/dt/ &Pr L :/T/thd%;z: :/Qd“m.cw,am)

b — 99, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

:/Qd4:b (—¢6¢+ (8f¢) (m)
:/d4 (%5([)4‘ (8f¢) (5¢))
= [ (55000 (5 (8f¢>)5¢)

oL oL
— )
/d‘”(aas % 50,9) m)) ¢

oL oL

o, oc o oL

0 = —————— Explicit coordinates

96~ "0(0,0)  0z" 9(0¢/0x")




S:/dtL :/dt &L =

T 14

b — 84, 5¢‘6Q -

0=d5 = [ d'3L(6.0,0
(]

= [, (G500 + aigg00u9)
= [, (G500 505" 69)

= [, (5% 2 (5t5.a7) )

/T/thd3;c£ :/Q d* L(6,8,0)

oL oL
— 7 )
/ o (&15 % 50,9) m)) ¢

oL oL
Y06 = 55~ Oug gy =0
oL oL oL oL oL oL
= _9 =0, 5] 0. 1s)
96~ 0(0,0)  Lo@d) T 0(010) T P0(0:0) T P 0(050)

Einstein summation convention



S:/dtL :/dt/ &Pr L ://dtd3x£ :/ d*z L(¢,d,0)
T 1% TJV (9]

b — 84, 5¢‘6Q -

0 =355 :/Qd%éﬁ(qﬁ,amﬁ)
:/Qd‘*x <7¢6¢+ (8f¢) (m))
(2 )
:/ : <a¢5¢ O ( (8f¢>)5¢)

oL oL
— )
/d‘”(aas % 50,9) m)) ¢

oL oL

oL _, oL
9¢  0(9,9)




KLEIN-GORDON EQUATION



_la _1 2,2
L= 50900~ 5m’0

Lagrangian density for real fields ¢(x) € R



_la _1 22_10(5 _1 2,2
‘6_28 ¢8a¢ 2m¢ _29 aa(baﬁd) 2m d)

Mostly minuses Minkowski metric g, lowers indices



— 15 e S _
L= 28 ¢8a¢ 2m ¢ _29 aa(baﬂd)

gaﬁ A

1

§m2¢>2
+1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0o -1

apB



1 .a 1 | 1
L=50"00.0 — om’®’ = 29" 0a6 050 — m’ 0" = L(6,0.0)

Lagrangian density depends on fields and their gradients



1oa 1 L o 1
L=50"00.0 — om’®’ = 29" 0a6 050 — m’ 0" = L(6,0.0)

oL
9~ "¢

Rate of change of Lagrangian density with respect to the fields at constant field gradients



L= %awam —om’e’ = “%wm 30 = L(6,0u9)

oL 2
0w

oL 1 ,p9(09) e 9(0s9)
50,9 20 a0, 500+ 59 0.0 9(0,,6)

Rate of change of Lagrangian density with respect to the field gradients at constant fields



| N 1 | P 1
L=50"00.6 — 5m*¢" = 56°70u0 056 — 5m*¢" = L(9,0.9)

L 1 ap0(9a9)

80,0) 27 90,9)

1 ap 0(00) _ 1 1B g 1 ja
1 =z + =g"0,
030 + 59 C’?a%(am) 29 5o 29 ]

Partial derivatives

a(@@):y:{ 1, o=r1
9(0,9) 7 0, o#T



1 .a 1 | 1
L=50"00a0— gm*d” = 59" 0.0050 — ;m*¢” = L(6,009)

L 1 ap0(9a9)

80,0) 27 90,9)

1 af 8(8[3(15) 1 uﬁa 1 ey 1 O 1 Iz
a ¢+ = (? (5 - g ¢ g a¢ — (ﬁ"‘ 6 (ﬁ
A 2g * 8(8‘L¢) 2 s 2 2 2

Metric raises indices of partial derivatives



_loa L 2,0 1 ap 1
L=50"00.0 — om’®’ = 29" 0a6 050 — m’ 0" = L(6,0.0)

L 1 ap0(9a9)

80,0) 27 90,9)

1 . 0(0gp) 1 1 1 1
P 1 ap BP) — Z 4B g e _ L ou -
B¢+2g aa¢8(8u )—29 545’1-29 8&‘15—28 ¢+26¢—8¢

Addition



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL ,

26 ¢

oL 1 ,30(0,9) 7045 0059) _ L wpg oo Lnag 4 Longy Lony _ oo

90,0) 27 a0, ¢)8;3¢>+ Oad5 20,9) 59 050+ 59 0ad =500+ 5070 ¢
oL "

50,00~ M0

Take gradient



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL )
9~ o
oL 71 aﬁa( ()b) 4 aﬂ (85(15):1 uB 1 po :1 " 1 PR
50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oL 2
8ﬂw—3u8“¢ =9%¢

Compact notation



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

or ,

A

oL 71 aﬁa( ()b) 4 aﬂ (85(15):1 uB 1 po :1 " 1 PR

50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oL .

%50, ~ 0 =T e =D

V? is the Laplacian and O? is the d’Alembertian



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

Y ,
96 = "0
oL 71 aﬁa( ¢) - aﬂ (aﬁ(ﬁ):l 2] 1 j72e _1 " 1 b au
8(8u¢) = 29 a(a ¢)aﬁ¢+ aa¢ (8‘&5) 29 85¢+29 Op® = 28 ¢+26 ¢ =0"p
oL 2. e
O e, 0 =0e=00

(or A is the Laplacian and O is the d’Alembertian)



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

or ,

A

oL 71 aﬁa( ()b) 4 aﬂ (85(15):1 uB 1 po :1 " 1 PR

50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oL .

%50, ~ 0 =T e =D

5 0L oL
"0(0.9)  0¢

Euler-Lagrange equations — Klein-Gordon equation

=0 — 9,0¢+m°p=0



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL,
9~ ¢
oL 71 aﬁa( ()b) - aﬂ (86(15):1 uB 1 po :1 " 1 PR
50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oc L,
9 o5, = "¢ =0 =0
oL oL

_ .
BHW‘%—O — 9,0"¢+m ¢p=0

(8080¢ + 6181¢ + 62(92q§ + 8383¢ + m2)¢ -0

Implied sum



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

or ,

A

oL 71 aﬁa( ()b) 7045 (85(15):1 uB lﬂa :1 " 1 PR

50, ~ 27 00,070 T30 P05, 27 P0TRT P =300t 30e =000
oL .

%50, ~ 0 =T e =D

5 0L oL
"0(0.9)  0¢

(00°¢ + 8,0 ¢ + 020° ¢ + 830°p + m*)p = 0

=0 — 9,0¢+m°p=0

0 — 020 — p— 02p+m’p =0

Explicit spacetime coordinates



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL,
9~ ¢
oL 71 aﬁa( ()b) - aﬂ (86(15):1 uB 1 po :1 " 1 PR
50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oc L,
9 o5, = "¢ =0 =0
oL oL

= Z = Iz 2, _
a”a(am) 90 0 — 9,0'+m°¢p=0
(050°6 +0,0' 6 + 0,076 + 030" + m*)§ = 0
07— 026 — 020 — 2P +m ¢ =0

07 =V +m*)p =0

Laplacian form



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL,
9~ ¢
oL 71 aﬂa( ()b) - aﬂ (86(15):1 uB 1 po :1 " 1 PR
50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oc L,
9 o5, = "¢ =0 =0
oL oL

Y9 Y= I 24—
aﬂa(am) 39 0 — 9,0'0+m°p=0
(0,0° ) + 0,0" ¢+ 0,00 + 950°p + m*)p =0

0 — 020 — p— 02p+m’p =0

(8 =V +m*)p=0

(O +m*)p =0

d’Alembertian form



L= 5000u0 — 5m*d" = 390,050 — 3m’6” = L(6,0,9)

oL
9~ "¢
oL 1aﬁa( ¢) aﬂ ( ¢)_1 B lua _lu lu _ Ak
= = o - 0, g + Opp = 0"+ =0 =0
50,5~ 20 Bla )+ 59 g~ 59+ 39 s = 50k g0 =
oL
8HW:8M8“¢=6¢=D¢
oL oL

a“a(am) —%fo - 9,0"p+m’p=0
(00°¢ + 8,0 ¢ + 020° ¢ + 830°p + m*)p = 0
0 — 020 — p— 02p+m’p =0

(8 =V +m*)p=0

(@ +mPp=0m



KLEIN-GORDON SOLUTIONS



¢ x Fiik-:c

Seek sinusoidal solutions



pox e kx =Kz,

Spacetime dot product as an implied sum



¢ x eiik.;c’ k-x= kﬂwu —_ gNVkMxV

Mostly minus metric raises index for a double sum



IR — LM — H " 0 0 1l 1 2 2 SO
¢O(€ ‘ mvk’x_kwu_guukm =kax —kax —kz2"—k’z

Expand double sum



pox e k-x =Kz, =g,k =kr —ko —kr —kKrt=wt—k-IT

Spacetime split



pox e k-x =Kz, =g,k =kr —ko —kr —kKrt=wt—k-IT
8,6 = +ik, ¢

First derivative



3

pox e k-x =Kz, =g,k =kr —ko —kr —kKrt=wt—k-IT
8,6 = +ik, ¢
00,6 = —k'k,¢

Second derivative



3

pox e krx =k, =9,k =Kz —ka —k'z®—k2"=wt—k-&
0,¢ = *ik,¢
0,0 = —k'k,p = —k*¢

Compact form



-

poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F
8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0489, +m*)p=0 — (—k*+m>)p=0

Substitute in the Klein-Gordon equation



¢
o
e
> R
9] 'x
W@ = .
+ik o
u® wu
=g
uvku
mV
=k’
xz
kliL’l
—k*
ZI:2
—k°
z°
=w
t
—k
- T

"o
W@ =
—k"'k
n®
—k2¢

(6"0
b+
m2
)¢ =0
%
(-
k‘2
+
m2
)
=0 —
IC2
= m2



3

pox e krx =k, =9,k =Kz —ka —k'z®—k2"=wt—k-&
0,¢ = *ik,¢
0,0 = —k'k,p = —k*¢

(00, +m*)p=0 = (=k>+m*)p=0 = k*=m’

Squared 4-momentum is squared mass, where p = hk



3

pox e krx =k, =9,k =Kz —ka —k'z®—k2"=wt—k-&
0,¢ = *ik,¢
0,0 = —k'k,p = —k*¢

(00, +m*)p=0 = (=k>+m*)p=0 = k*=m’

Squared 4-momentum is squared mass, where p = k in natural units



pox e k-x =Kz, =g,k =kr —ko —kr —kKrt=wt—k-IT

0,6 = +ik, ¢

0,0 = —k'k,p = —k*¢

(3“8#+m2)¢20 = (K +mPep=0 - K*=m" > k=K 4+m’=k-k+m’

TN

= w

4-momentum time component



pox e krx =k, =9,k =Kz —ka —k'z®—k2"=wt—k-&
0,¢ = *ik,¢
0,0 = —k'k,p = —k*¢

(3“8#+m2)¢20 = (K +mPep=0 - K*=m" > k=K 4+m’=k-k+m’

d(x) o< /dska(lg)e_ikw

General solution is the superposition

w

TN



poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

Add hermitian conjugate so ¢ = (;ST eR

w

TN



poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

Nationally, a' (k) = a(k)", like sin® § = sin®(0) = sin(6)* = (sin6)?

w

TN



3

poxe T krx=kK12, =g,k =k"2" —kz —kz" k2" =wt—k-T
0,¢ = +ik, ¢
0,0 = —k'k,p = —k*¢

(8“8#+m2)¢:() = (K +mPep=0 - K=m" > k=K 4+m’=k-k+m’=w

TN

d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

Include Lorentz invariant measure normalization as dgk/w,; = d3p/ Ej is the same for all observers



poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

Streamline notation

w

TN



Tik- .M P H_ Y 0O 0
¢O(e v :c7kx—]€ xu_gm/kx = k"2’ —

0,¢ = *ik,¢

0"0,6 = —K'kud = —k¢

(8“8#+m2)¢:() = (K +mPep=0 - K*=m" > k=K 4+m’=k-k+m’

¢(z) o /dsk a(k)e” ™"

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

oL
~ 9(009)

Conjugate momentum density

m(x)

—kx — k% = wt —

w

TN



pox e k-x =Kz, =g,k =kr —ko —kr —kKrt=wt—k-IT

8,6 = +ik, ¢

0,0 = —k'k,p = —k*¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

oL
~ 9(009)

1,0 1
Conjugate momentum density for Lagrangian density £ = 58 ¢ 0 — §m2¢2

() =%

w

TN



poce " krr=kKr, =g,k T =k —kao —k2T -kt =wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

oL
9(90¢)

L
Compare mechanics p = g— = ma for Lagrangian L = %mabz —V(x)
i

m(x) = =% =4

w

TN



poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

oL ; &’k . > ik > ikew
@) = 5300 =% =¢ :/(2@32“}(71@ (a(k)e —at(F)e )

. N 0 ik 0 ik
Time derivative 8" e~ """ = +ik ="

w

TN



poxe " k-x=kz, =g,k =kx —ka —kx —k'z=wt—k-F

8,6 = +ik, ¢

0"0,¢ = —k"kud = —k¢

(0"9, +m)p=0 = (- +m>)p=0 = K>=m> = ki =k +m’>=k-k+m’
d(x) o< /dska(lg)e_ikw

¢(z) /dgk (a(E)e_ik'“ + aT(E)eik-x)

oL ; d’k . > ik > ikew
@) = 5300 =% =¢ :/(2@32“}(71@ (alB)e™** —al(B)e™) m

w

TN



COMMUTATION RELATIONS



[(,‘b(:i", t)a W(gv t)] = Lé(f - 37)

Impose nonzero commutation relation on field operators



[(,‘b(:i", t)a W(gv t)] = Lé(f - 37)

Nonzero only at same place at same time, a Lorentz invariant with which all observers will agree



[¢(fv t)a W(gv t)] = Lé(f - 37)

Compare quantum mechanics [z, p] = ih



[(,‘b(:i", t)a W(gv t)] = Lé(f - 37)

Compare quantum mechanics [z, p] = ¢ in natural units



[¢(fv t)a W(gv t)] = 55(5 - 37)

Else [¢, ¢] =0 = [, 7]



[¢(fv t)a ﬂ-(gv t)] = L(S(.’f — :[7)

o) = [ (2;])’“% (o= + ol ()

Recall field operator expansion



o) = / 220 (alBre™™ + al (B)e™)

d3 ik 2 _ 3 dsk ];: i(k/—k)»z T]; i(kl-ﬁ-k)q:
Te ox)= [ dx (271_)32“} a(k)e +af(K)e

Fourier transform the field operator




3 ’ o )
= [ @ L (@l By )

a(E ei(w ﬂ;)teﬂ:(k —k)-& + aT(E)ei(w +w)tefi(k +k>-f)

—
—

Spacetime split k-x =wt — k- &



#(z) = / d (a(E)e‘““'Ma*(E)eM)
/

(a(k’)ei(k/—k)»z i aT(E)ez(k’M)w)

3 ’ VNN ot LT TN =
= /dsx @ d)§2 (a(l;)ez(w Ttk =RIE L Gt (R)el (W Ttk +k>'z>
T w
3 ’ - - = ! - -
- / T (alB)er =8 F )+ al () 4 )

3

Unit Fourier transform is the Dirac delta, / (2(17 T 53(2)






é(z) I/(%:];I;Qw (a(lg)e_"'k'x —&—aT(E)eik“)
/dgweik/'xcb(w):/dgx(zj;f?w(a(E)ei(k/_k)'z+aT(E)ei(kl+k)":)
_/dsx(zil:/;% (a(];)ei(w/*W>te*i(ﬁlfg)-£+aT(E)ei(w/+w)tefi(f$/+ﬁ>.f>
[ e By B )

 (alF) +al (—F)e>)

Since w? = k> + m2, integrating over the Dirac deltas forces k = k" and hence w = '’
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=
m:\u
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1 / toopn 2wt
= o7 (al®) + o' (-F)e>")
/d3ac ¢ () = i (a(I;) " aT(_E)ezth)

Omit the prime accents on k



(@) = / (2:;{:2‘0(—2‘&1) (a(lg)e_ik'”” _ aT(E)ezkx)

Recall conjugate momentum operator expansion



(@) = / (%;j;gz‘)(—iW) (a(lg)e_ik'x _ aT(E)ezkx)

Pyt B s d% ) SR ket ik k)
rve” “r(x)= [ dx m(—zw) a(k)e —a'(k)e

Fourier transform the conjugate momentum density operator



w(x) = / (2:;§2w (—iw) (a(E)e—ik-x _ aT(E)ezkx)

Pyt B s d% ) SR ket ik k)
rve” “r(x)= [ dx m(—zw) (a(k)e —a'(k)e )

3 ’ =1 ’ =
YR d’k (—iw) (a(B)e@ =i F =Bra _ ot () il vt K +)-2
(27)%2w

—
-

Spacetime split k-x =wt — k- &



d3k . o —ik-x = ik-x
[T
3 / - ey
~ [ %(—m) (alR)e =9 — gl () 0 +02)
7 w
3 !/ Sl PN = - ! .
— /ds.l‘ (2 d)];2 (—7,(1.)) (a(E)ez(w 7w)t€7L(k —k)@ aT(k)eL(w +w)tefL(
iy w

3 , o o, o
— / M(—zw) (a(E)ez(w 7w)t53(k/ . k) _ aT(k)ez(w +w)t63(k/ + k’))

3
Unit Fourier transform is the Dirac delta, / (;1 :;3 e = 5%(2)
T

E

/+E

)

z

)



@20 (—iw) (a(,;)e—uc.x _ af(,;)eik.x)

3 / -
d'w %(—iw) (al®)e™ =1 — ol (k) * )

(~i) ( (B =5~ F) — ol () H 6 (7 4 F)

3 ’ el = — o

= /ds.l‘ d]; (—ZOJ) (a(];)ez(w 7w)t€7L(k —k)z (k) i(w +w)t€—L(k +k)z)
_ 1
21

T
( “/)ei2w't)

Dirac delta sifting property, /d3k f(E)63 (E — E') = f(E')



m(z) = / &(—w) (a(/%)e—“f'x - af(;;)ak-x)
/d3:c ik’.w,r(m) = /dSm (27:1)3];260(_7;40) (a(,;)ei(k’-k).x _ aT(E)ei<k/+k)'w)
= / dx (2:;’;%(—@ (a(i‘c‘)e“w'*%*i@/f’?)-f _ ar(,;)ei<w’+w>tews'+;;>.f)
= / %(—W) (a(E)ei(“’"“)té"’(lZ’ ZB) —al (B @ OB () 4 ,—5))
= % (atF) —a' (=F)e>")

Since w? = k> + mz, integrating over the Dirac deltas forces k = £k’ and hence w = '’



m(x) = / (2:;“2‘0(—@) (a(/%)e‘“” - a*(i%)e“”)
/dgx ik/'xﬂ'(m) = /dSm (27:1)3];2(.u(_iW) (a(l;)ei(k/_k)'x - aT(E)ei(k/Jrk)'x)
= /d3x (2:)3];2w(_iw) (a(;;‘)ei<w'fw)tefi(l?fﬁ)-f _ at(E)ei(w’+w>te—i(1$'+z€)-f)
= / %(—w) (alB)e' ™ = 8% K — F) — ol (R’ 6 (K + )
= 5 (alf) — af (-F)e>")

/d?@ eih”ﬂ(w) = i (a(E) _ aT(_E)emwt)

Omit the prime accents on k



/d3x M TP(x) = 2i (a(E) + aT(fE)eiQWt)

w

/d% e (r) = 217 (a(;;’) _ af(ik‘)cmm)

Recall Fourier transforms of field and momentum density operators



/d% M im(z) = % (a(E) _ aT(_E)efzut)

Multiply by constants w and ¢



a(k) = / e et (whle) + in(x))

Add and solve for annihilation operator



a(k) = / e et (whle) + in(x))

a' (k) = / r e (we(x) — in(z))

Adjoint for creation operator



7./

[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

Commutator [a,b] = ab — ba



=
=
&
=
2
>,
—
B
=
Il
2
=
=

Ja' (k') —a' (k')a(k)

_ / &z e (W(Z, 1) + in(E, 1)) / & e (we(E 1) — in(3,1))

- / & e (wo(z',t) —in(Z',1)) /(13x T (we(E,t) + im(Z, 1))

Substitute expansions in terms of field and momentum density operators, where ¢(x) — ¢(&,t)



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

:/j%ﬁ“@mﬁw+m@¢»/ﬁﬂaW4@mgﬁﬂfmwﬁm
_/jyfmf@mf@—mﬁwn/ﬁmmﬂw@@+m@m

:/d%’d?’xeikm_ik,‘z,( (wqi)( t) + im(Z, )) (w¢(i:",t)—iw(f/,t))
~ (wo(@’ )—m(ﬁnwaaﬂ+m@wn

Combine integrals



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/d3 BT (Wl 1) + in(, t))/d3x' e (we(@ 1) — in(,1))
_ / i e (@ 1) — in(@, 1) / P ™ (Wbl 1) + in(F, 1))

:/d%’d?’xeikm_ik,‘z,( (wqi)(_' t) + im(Z, )) (w¢(i:",t)—iw(f/,t))
= (wo(@',t) — in(@',1)) (w¢(f,t)+m(f,t)))

_ / & d%e e (wln (3, 1), (3 )] — iw[p(E, 1), w(3, 1)

Cross terms survive due to nonzero commutators



- / &z e (W(Z, 1) + in(E, 1)) / & e (we(E 1) — in(3,1))
_ / &' e (W@ t) — in(@ 1) / dz e (we(Z,t) + in (T, 1))

= /d3x/d3x eikm_ik,‘z,( (wgf)(f, t) + im(Z, t)) (w¢(iz”, t) — iw(f/,t))
= (wo(@' t) — in(@',1)) (wo(@, 1) + in(, t)))

_ / & d%e e (wln (3, 1), (3 )] — iw[p(E, 1), w(3, 1)

’ ’
3 153 ika—ik'- 34 o
:/da:dacelx' 2w (-7

Nonzero commutators are [¢(Z,t), 7(¥,t)] = 16(Z — §) = i6(§ — X)



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/d3 BT (Wl 1) + in(, t))/d3x' e (we(@ 1) — in(,1))
_ / i e (@ 1) — in(@, 1) / P ™ (Wbl 1) + in(F, 1))

:/d%’d?’xeikm_ik,‘z,( (wqi)(_' t) + im(Z, )) (w¢(i:",t)—iw(f/,t))
= (wo(@',t) — in(@',1)) (w¢(f,t)+m(f,t)))

_ / & d%e e (wln (3, 1), (3 )] — iw[p(E, 1), w(3, 1)
= /dga:'dSm ek a9, (@ —a")

= Zw/dsmei(kfk )

Dirac delta sifting property



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/d3 BT (Wl 1) + in(, t))/d3x' e (we(@ 1) — in(,1))
_ / i e (@ 1) — in(@, 1) / P ™ (Wbl 1) + in(F, 1))

:/d%’d?’xeikm_ik,‘z,( (wqi)(_' t) + im(Z, )) (w¢(i:",t)—iw(f/,t))
= (wo(@',t) — in(@',1)) (w¢(f,t)+m(f,t)))

= / ' e T (iwln(2,1), ¢(&, )] — iw[(F, 1), 7(&,1)])
_ /dgx’dS.T eik-acfik T 2w 63(f— f/)
:2w/d3xei(k7k/>'z

2 2 2, o o
=+ &7=3" > t=t -5 z=41



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/dxc“” (W (T, ) + i (7, t))/d3x' e (we(@ 1) — in(,1))
_ / &' e (W@ t) — in(@ 1) / dz e (we(Z,t) + in (T, 1))

= /d3x/d3x eikm_ik,‘z,( (wqi)( )—|—77r(5c' t)) (qu(:f:",t) —iw(f/,t))
— (wo(@',t) — in(@',1)) (wp (&, t) + in(, t)))

= /d3$/d3x eik.x—ik -z (iw[ﬂ'(f, t)7¢(f/,t)} _ zw[qﬁ(i", t)7ﬂ(f/,t)])
= /dga:'dSm emrmih T o 83 (& — z)
_ 2w/d3x Gk g ilw—w)t / Py o iFF)E

—

Spacetime split k -z = wt — k-z



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/dxc“” (W (T, ) + i (7, t))/d3x' e (we(@ 1) — in(,1))
_ / &' e (W@ t) — in(@ 1) / dz e (we(Z,t) + in (T, 1))

= /d3x/d3x eikm_ik,‘z,( (wqi)( )—|—77r(5c' t)) (qu(:f:",t) —iw(f/,t))
— (wo(@',t) — in(@',1)) (wp (&, t) + in(, t)))

_ / & d%e e (wln (3, 1), (3 )] — iw[p(E, 1), w(3, 1)
= /dga:'dSm ek a9, (@ —a")

= Zw/ds:r TR m gy wmwt / &P e FFYE g pilemw (2m)%8° (K — )

Unit Fourier transform is a Dirac delta



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/dxc“” (wo(Z,t) + im(Z, t))/d3x' e (wo(@',t) —im(z',1))

_ / &' e (W@ t) — in(@ 1) / dz e (we(Z,t) + in (T, 1))

= /d3x/d3x eikm_ik,‘z,( (wqi)( t) + 77r(_' t)) (qu(:f:",t) - iw(f/,t))

— (wol@',t) = in(3', 1)) (wo(F,1) + in(7,1)) )

= / ' e T (iwln(2,1), ¢(&, )] — iw[(F, 1), 7(&,1)])
= /dga:'dSm ek a9, (@ —a")

= Qw/dsx GiE=K)w g e )t/d3x e—i(ILE )E g il )t(27T

283k — k) = 2w(2m)®8% (k — k')

“AVE+mP&Ek=F - w=d
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- / %' % ™ (il (@,1), 6@, )] — iwl(F, ), w(& 1))

= /dgx'dSm eik'x*ik/‘x/Qw Pz —1")

= 2w/d3xei(k7k/>'z = 2w e“wiw/)t/d% eii(g*gl)'f = 2w ei(wfwl)t(Qﬂ)g’éS(/;— E')
(0B, a' (F)] = (2m)206° (5 — F)

Lorentz invariant combination w 6°(k) = E 6°(§) is the same for all observers



[a(k),a" (k)] = a(k)a' (k') — a' (K)a(k)

/d3 BT (Wl 1) + in(, t))/d3x' e (we(@ 1) — in(,1))
_ / i e (@ 1) — in(@, 1) / P ™ (Wbl 1) + in(F, 1))

:/d%’d?’xeikm_ik,‘z,( (wqi)(_' t) + im(Z, )) (w¢(i:",t)—iw(f/,t))
= (wo(@',t) — in(@',1)) (w¢(f,t)+m(f,t)))

- / %' % ™ (il (@,1), 6@, )] — iwl(F, ), w(& 1))

= /dga:'dSm eik'x*ik/‘x/Qw Pz —1")

= Zw/ds:r e“kik/)m = i@t / d*z eii@fﬁ/)'f = 2w ei(wfwl)t(Qﬂ)ség’(/; — E') = 2w(27r)363(E — E’)
(0B, a' (F)] = (2m)206° (5 — F)

Else [a,a] =0 = [a',a']



z/d%’d%e“”—““'“'( (wo(@, ) + in(@,1)) (wp(@', 1) — in (7', 1))
= (wo(@',t) — in(@',1)) (w¢(f,t)+m(f,t)))

_ / & d%e e (wln (3, 1), (3 )] — iw[p(E, 1), w(3, 1)

’ ’
3 153 ika—ik'- 34 o
:/dxdmelx' 2w (-7

= Zw/ds:r TR m gy wmwt / &P e FFYE g pilemw (2m)%8° (K — )

[a(k),a' (K] = 2m)* 2w (k— k) |

—

2w(2m)* 8% (k — k')



HAMILTONIAN



_la _1 2,2
L= 50900~ 5m’0

Recall Lagrangian density for real fields



1a 2,2 12 — 2 2,2
L= 50000~ 5m’e’ = 5 (8 — (Vo) —m’¢’)

Spacetime split



| N L 920 1 /:o = 2 2,2
L= 50%60.0 - m’¢* = 5 (¢ — (Vo) - m*¢?)
oL
T

Hamilton density is a Legendre transformation of the Lagrangian density



| N L 920 1 /:o = 2 2,2
L= 50%60.0 - m’¢* = 5 (¢ — (Vo) - m*¢?)

oL 0L
==L =¢p— — L
7r‘9(80¢’) ¢8¢

Momentum density operator T = 8y¢ = ¢



_loa Lo2g2 Ll g2 22
L=50"00.0— 5m’e —2(¢ (Vo) m¢)
oL 0L — L2 L (507 + m2e?
Explicitly



I o L 2,2 L /2 T 4)2 252
L= 50%60.0 - m’¢* = 5 (¢ — (Vo) - m*¢?)

oL . oL 1 2 = 12 2,2

2
oL L=2 4v(

1
Compare mechanics where L = ~mi” — V(z) — H =p=— —
2 oz 2m



| N L 920 1 /:o = 2 2,2
L= 50%60.0 - m’¢* = 5 (¢ — (Vo) - m*¢?)

oL . oL 1 2 = 12 2,2

¢ 2
H= /(13367-{,

Hamiltonian is the spatial integral of the Hamiltonian density



| N L 920 1 /:o = 2 2,2
c:§a¢8a¢—§m¢:§(¢ ~ (Ve)® —m’¢’)

GE 1/ = 12 2,2

H = /d T H = = /(133: (71'2 + (6(}5)2 + m2¢2>

Explicitly



| N L 920 1 /:o = 2 2,2
£L=350 ¢8a¢—§m¢ :§(¢ ~ (Ve)® —m’¢’)
oL 1

H= /dﬂﬂ-{, = 1/(1396 (7T2+(€¢)2+m2¢2)

b(z) = / (;;fzw (alB)e™*" +a'(R)e™)

Recall field operator expansion




| N L 920 1 /:o = 2 2,2
c=§8¢6a¢—§m¢:§(¢ ~ (Vo)! = m’¢?)

oL 1/ = 12 2,2

H = /d T H = = /(133: (71'2 + (ﬁgb)Q + m2q52)

3
w(x) = Orp(x) = —/ (Qj)fzwiw (a(E)eﬂik.z B aT(E)eik'z)
+ik-x +ik-x

Time derivative, where 0,e =Ftiwe



L= 50000~ 5m’e’ = 5 (8"~ (Vo) -

oL 1

m2¢2>

= 3% £ =1 (x4 (99 +m*?)

~ " 9(000) (aod’) (ol 2
H= /d:w-z —7/(13 T +(€¢>)2+m2¢2)

(@) = (/ (2:;§2quw (alBre™*




1 .a I 90 1 /2 = N2
c:§a¢m¢—7n¢:§(¢—aw)—m

_ ot
~0(000)

=% r=

1
o 2

2¢2>

(71_2 + (6(;5)2 + m2¢2)

H= /dﬂﬂ-{, = 1/(1396 (7T2+(€¢)2+m2¢2)

(@)’

/

4% &%

(27)%2w (27)° 2w’

Consolidate integrals

(—ww' (a(lg)efik'z -



| N L 920 1 /:o = 2 2,2
£=30 ¢8a¢—§m¢ :§(¢ ~ (Vo)! = m’¢?)
8£ 1

H= /d TH = 1 /(1396 (7T2 + (6¢)2 —|—m2q52)
9 d*k 4%’ 1 =ik
(@) = / (2r) 2w (27)° 2 (e’ (aBye™

Recall field operator expansion




| N L 920 1 /:o = 2 2,2
£:§8¢8a¢—§m¢=§<¢ - (Vo) —m¢)

oL 1/ = 12 2,2

H= /dﬂﬂ-{, = 1/(1396 (7T2+(€¢)2+m2¢2)

3. 3./
71_(1‘)2 _ / d’k d’k : (—ww' (a(];)efzk'z _

(2m)2w (27)° 2w
- _ d% i (a(Rre= ™ _ ot (B)eihe
Vote) = [ g (alBe (F)e™)

. = ik
Gradient, where Ve '** =



L= 50000~ 5m’e’ = 5 (8"~ (Vo) -

oL 1

m2¢2>

=% -1 (7* + (Vo) +m*s%)

~ " 0(000) 9(0d) 0p 2
H= [ don —1/(13 7+ (F6)" +m?g?)

> d*k K
(=) :/(27r)32w (27)° 20’ (_ww

,(a(

e ke _ aT(lg)eik'z) (a(l?)eiik/‘w — aT(k')eik/'z))

Vo(x) Vo(x) = (/ &iﬁ (alk)e™™" = af (E)e*) ) - (/ @S’%d“‘g (al@)e™"* = aT @) ) )



L= 50000~ 5m’e’ = 5 (8"~ (Vo) -

oL 1

m2¢2>

= 3% £ =1 (x4 (99 +m*?)

~ " 9(000) (aod’) (ol 2

H= /d:w-z = 1/d"” 7 +(€¢)2+m2¢2)
2 Ik dK

(=) _/(27r)32w (27r)32w/( w

Ik d% (—E

(Vo(z)) :/mm

Consolidate integrals




1a 1 2,2 1 D) - 92 2 .2
£=59 ¢8a¢_§m¢ :§(¢ ~ (V9)? = m*¢’)

H= /dﬂﬂ-{, = 1/(1396 (7T2+(€¢)2+m2¢2)

ag 1<2#2 ]

m(z)? :/ &k dK (_ww/ (a(E)e*““'Z —aT(lZ)ei”) (a(

(2m)°2w (27)° 20

(Fotal) = [ b S (< (aFye ™ = ) (aye -

27)° 2w (27)° 2w

o(x) _/(d3k (G(E)efik'IJraT(E)eik'z)

271')320.)

Recall field operator expansion



Lo L 920 1 /9 - 92 2 .2
L= 50%60.0 - m’¢* = 5 (¢ — (Vo) - m*¢?)

oL 1/, L, L,
=g~ =95~ £ =3 (7 (T £ me?)

H = /dm% _1/(13 T +(§¢)2+m2¢2)

(Vo(z))? = / (2:)3];2(0(27(5;5;“/ (—E o (a(]z)ef’ik»z _ aT(E)ﬁik-z) (a(]z/)ef’ik/-z B aT(E’)eik/'z))

Square



1l o 122_1'2_-*2_
c:§a¢m¢—yn¢—20¢ (V) —m

_ ot
© U 00009)

1

=% r=

0 2

H= /dﬂﬂ-{, = 1/(1396 (7T2+(€¢)2+m2¢2)

4% &%

(@) = / (2m)%2w (27)°2w’ (e

mef:/(

Ik d% (_~ -
27)%2w (27)° 2w

oo = [ o (ol B [T (a0l ()6 )

2¢2>

(= + (Vop?

+ m2¢2)

(a(lg)efik'z - aT(lg)eik'z) (a(k )eiik/‘w —a'(K)e' -

27)% 2w

Expand, remembering that wi=m?+ Kk

PR (a(lZ)ef’ik'z _ aT(E)ﬁik-z) (a(]z/)ef’ik/-z _ aT(k: o "



| N L 920 1 /:o = 2 2,2
£=30 ¢8a¢—§m¢ :§(¢ ~ (Vo)! = m’¢?)
oL 1

H = /d TH = 1 /(1333 (71'2 + (V¢)* + m2q52)

(ﬁ(b(x))Q = / (2:)3];2w (2::§;w' (—E K (a(/z)efik'z — aT(E)eik'z) (a(l?)efik/'z - aT(E/)eik/'z))

9@ = / (2:;§2w (2?;;0/ (m? (atB)e™™ +alB)e* ™) (alB)e™™ + o () 7))

Consolidate the integrals & premultiply



n(z)? = / dl; ds;;/ ; (—ww' (a(lg)efik'z — aT(lg)eik'z) (a(l?)eiik/‘w — aT(/?)ei'k/'I))

Substitute



/ P ddk
271') 2w’

Factor and FOIL




)
wo + kK + m2) aT(E)a(E/)evﬁ(k—k/)-x
)

(~ws — R m?) al (Byal (] )
— 1 LL 3 _ Lo 2 S oy )—’i(w-‘—u’) 3.5

2 / (27032&) (2ﬂ)32w, (2m) (( ww —k-k +m )a( Ya(k')e S (k+ k)
+

Unit Fourier transform is the Dirac delta, so /dSm eFET = (27)°6% (@)



)
wo tkk 4+ m2) aT(E)a(E/)e"(k_k/)'f‘
)

(~ws — R m?) al (Byal (] )
— 1 LL 3 _ Lo 2 S oy )—’i(w-‘—u’) 3.5

2 / (27032&) (2ﬂ)32w, (2m) (( ww —k-k +m )a( Ya(k')e S (k+ k)
+

)
FE +m?) at (B)a(k)e @63 (K - B
)

aT(E)aT(E')ei(W+“’,)53(E+ E’))

= % / (Qj)I;Qw %(2”)3 (wo' + B F +m*) (atF)a' (®) +a! (Ba(R)) e~ "6 (k -

Ask=F sw=u and v’ = m?> + &°

h

7)



)
wo tkk 4+ m2) aT(E)a(E/)e"(k_k/)'f‘
)

- ; /%%(%)3 (—ww' — kK + m2) a(R)a(®)e= 3 4+ 7))

(

(

(me BB+ m?) af (Bja (7' +)
27)" 2w (27)7 2w (
+

iS)

)
FE +m?) at (B)a(k)e @63 (K - B
)

T(E)GT(El)ei(W+w,)(53(E i E’))

_l d’k L ) (ww’ -G m> a_‘ u R e*i(wﬂu')3-’7—',
= 2/(%)3% (27T)32w'(2 ) ( +k-k+ )( (k)a (k)+ (k) (k )) 5 — )
_ 1 di:ik# V3902 (a(Bral (B) 4 ol (Ba(E

N 2/(27r)‘“’2w (27r)32w(2 )2 ( (K)a' (k) +a'(k) (k))

h

Delta sift with & = k' — w = o’ and w? = m? + k*



=3 [ Gy (B! B )

Cancel common factors

_ 1 di:ik# V3902 (a(Bral (B) 4 ol (Ba(E
" 2/(27r)‘“’2w (27r)32w(2 )2 ( (K)a' (k) +a' (k) (k))



7= 3 G (B! B -l )

(ab)" =b'a" — H' = H is hermitian

_1 diﬁxk# V2 ouw? (aliat (B L.
= 2/(27r)32w (27r)32w(2 )72 ( (k) (k)—|—af(k)a(k))



7= 3 G (BB Bt

- ;/(2:)3?2&)“ (QGT(E)a(E) + (27T)32w53(0))

Apply commutator a(R)a' (F') — o' ()a(B)a' () = [a(F), o' (F')] = (27)*2w 8> (E — F')




7= 3 G (BB Bt

3
= l/diffw (2(1
2/ (2r)"2w

N(H)=:H:= H, =/

+
—
!
N
S
=
=
N
+
—
®
3
Ny
w
)
€
(=)
w
—~
o
=
N——

d’k -

s—wa' (k)a(k
(27) 2w

Shifting the energy by a (finite or infinite) constant doesn’t change the dynamics




7= 3 G (BB Bt

3
- %/(2:)75% w (2" (B)a(F) + (2m)*206(0))
d’k
(27)%2w
The resulting Hamiltonian is normal-ordered

wa'(K)a(k)

N(H)=:H:= H, =/



R
/ ( B)a(k) + (27)%2w s (0))

N(H) =:H:=H, = / (Q;Z)l;?w wa'(K)a(k) W




ENERGY SPECTRUM



H,|E) = E|E)

Energy eigenvalue equation



What is the energy of this state?



H,|E) = E\E)

H,ya(F)|E) = / %

Apply the Hamiltonian operator expansion

W'a' (Ka(k)a(k)|E)



H,|E) = E\E)

&K
(27)%2w

= 7d3kl W'al (Ka(k)a(k
-/ g ol B aBadl)

H,,a(F)|E) = / oot (B)a(® )a(R)|E)

Apply commutator [a(k),a(k)] = 0



H,|E) = E|E)

7(1/3]6/ J'at (a(K)a(k
i e B IE)
= 7d3kl J'at (a(k)a(k
= [ g ! @ e )

H,a(R)|E) :/

Apply commutator [aJr (I?), a(E)] = 7(27r)32w 53(E’ _ E)



H,|E) = E\E)

&K
(27)%2w

= 7d3kl W'al (Ka(k)a(k
-/ g ol B aBadl)

H,,a(F)|E) = / oot (B)a(® )a(R)|E)

_ / (2:)% W (alF)a (F) - 2m)°206*(F — B)) a(F')|E)

2w’

Dirac delta sift on second term

*a_' iw/aj _‘/a_‘/ —wa_’
= alh) [ il BhaE)IE) —walPIE)



H,|E) = E\E)

7(13]6/ W'al (Ka(k)a(k
i o FaE®a(®E)
= 7d3kl W'al (Ka(k)a(k
-/ g ol B aBadl)

H,a(k)|E) :/

2w’

= a(k)H,|E) — wa(k)|E)

*a_' ﬂw/cﬂ _‘/a_‘/ —wa_’
= alh) [ il BhaE)IE) —walPIE)

Hamiltonian operator expansion on first term



H,|E) = E|E)

7(1/3]6/ w'a'(K)a(K )a(k
i o FaE®a(®E)
= iw/cﬁ K a i a i
-/ i <o FralBai)|E)

H,a(F)|E) :/

2w’

= a(k)H,|E) — wa(k)|E)

*a_' ﬂw/cﬂ _‘/a_‘/ —wa_’
= alh) [ il BhaE)IE) —walPIE)

H,a(R)|E) = (E - w)a(F) )

As H,|E) = E|E)



H,|E) = E|E)

7(1/3]6/ w'a'(K)a(K )a(k
i o FaE®a(®E)
= iw/cﬁ K a i a i
-/ i <o FralBai)|E)

H,a(F)|E) :/

2w’

= a(k)H,|E) — wa(k)|E)

*a_' ﬂw/cﬂ _‘/a_‘/ —wa_’
= alh) [ il BhaE)IE) —walPIE)

H,a(R)|E) = (E - w)a(F) )

a annihilates an energy quantum hw



H,|E) = E|E)

7(1/3]6/ w'a'(K)a(K )a(k
i o FaE®a(®E)
= iw/cﬁ K a i a i
-/ i <o FralBai)|E)

H,a(F)|E) :/

2w’

= a(k)H,|E) — wa(k)|E)

*a_' ﬂw/cﬂ _‘/a_‘/ —wa_’
= alh) [ il BhaE)IE) —walPIE)

H,a(R)|E) = (E - w)a(F) )

a annihilates an energy quantum w in natural units



H,|E) = E|E)

Energy eigenvalue equation



H,|E) = E\E)

a' (k)|E)

What is the energy of this state?



H,|E) = E\E)

R k'
Haa' (B)E) = [ o

Apply the Hamiltonian operator expansion

W'a' (K)a(K)al (k)| E)



H,|E) = E|E)

&K
(2m)%2u’

_ i a8 (ot (B alR 3 3, -
—/7(%)3%, (k)( (k)a(k") + (2m)”2w 6° (k —k)) |E)

W'a' (K)a(K)al (k)| E)

Haa (F)|E) = [

Apply commutator [a(E’), aT(l_{)] — (27r)32w 53(E’ _ ];)



H,|E) = E\E)

&%

7&)’(; i a K aT k
(@) 20 (K)a(k)a' (k)| E)

Haa (F)|E) = [

d*k' R toN 3 3,7 7
:/Wwa (F) (! BraF) + (2n) 20 8 (K ~ F) ) | B)
)" 2w
dgk/ / o o h T
:/chﬁ(k )a' (B)a(K)|E) + wa' (k)| E)
Dirac delta sift on second term



d3l€/
(2m)%2u’

H,a! (F)|E) = / W'at (B)a(®)a (F)|E)

-/ e ¢ ) (o Ba®) + 220 8" F = ) 1)

- iﬁd,df Ka' (F)a(k wal(k
- / (2r)* 2w’ (K)a' (k)a(k)| E) +wa' (k)| E)

37/

= aT(E) / % w’aT(E/)a(E’)‘E> +waT(E)|E>
(27‘(’) 2w

Apply commutator [a' (K'),a" (k)] = 0



TR W'a' (K)a(k')a' (k)|E)

_ &K a7 (o (Dali 32w 8 (E — F
= [ g o B (o' Rall) + (28~ ) 1)

= [ Goiaz e F)al @alF 1B +wal (R)12)
=a'(k) / (2;5)% W' (F)a(F)| ) +wa' (F)|E)
=o' () H,|E) +wa' (k)|E)

Hamiltonian operator expansion on first term



H,|E) = E\E)

&K
(2m)%2u’

H,a! (F)|E) = / W'at (B)a(®)a (F)|E)

_ &K a7 (o (Dali 32w 8 (E — F
= [ g o B (o' Rall) + (28~ ) 1)

- iﬁd,df Ka' (F)a(k wal(k
- / (2r)* 2w’ (K)a' (k)a(k)| E) +wa' (k)| E)

_ aT L ﬂ w/aT i a K waT k
- (k)/ (2m)*20’ (et + e
=o' () H,|E) +wa' (k)|E)

H,a' (k)|E) = (E + w)a' (k)| E)

As H,|E) = E|E)



H,|E) = E\E)

&K
(2m)%2u’

H,a! (F)|E) = / W'at (B)a(®)a (F)|E)

_ &K a7 (o (Dali 32w 8 (E — F
= [ g e ) (! B + 208 F - ) 1)

- iﬁd,df Ka' (F)a(k wal(k
- / (2r)* 2w’ (K)a' (k)a(k)| E) +wa' (k)| E)

*(IT i ﬂw/at K a i (A)(IT i

— al(F) / ot e FalfIE) +wal (R12)
= o' (D) H,|E) +wa' (F)|E)

H,d' (K)|E) = (E + w)a' (k)|E)

a' creates an energy quantum hw



H,|E) = E\E)

&K
(2m)%2u’

H,a! (F)|E) = / W'at (B)a(®)a (F)|E)

_ &K a7 (o (Dali 32w 8 (E — F
= [ g o B (o' Rall) + (28~ ) 1)

- iﬁd,df Ka' (F)a(k wal(k
- / (2r)* 2w’ (K)a' (k)a(k)| E) +wa' (k)| E)

*(IT i ﬂw/at K a i (A)(IT i

— al(F) / ot e FalfIE) +wal (R12)
= o' (D) H,|E) +wa' (F)|E)

H,d' (K)|E) = (E + w)a' (k)|E)

a' creates an energy quantum w in natural units



H,|E) = E\E)

&K
(2m)%2u’

H,a! (F)|E) = / W'at (B)a(®)a (F)|E)

_ &K a7 (o (Dali 32w 8 (E — F
= [ g o B (o' Rall) + (28~ ) 1)

-/ (27‘5)’2“ o'al (B)al (B)a(R) [ B) +wa' (F)|E)
@) [ @f’;;dw/auz/)a(y)m +wd (BIB)
=a'(k)H,|E) + wa' (k)|E)

H,a! (B)E) = (B +w)a! (§)E)

H,a(F)|B) = (E - w)a(R)|E)

a and o' annihilate and create energy quanta



Ho = [ &% g N

Normal-ordered Hamiltonian with normalized measure d°k and number operator N (E)



d’k
(27)%2w
Expanding

wa'(E)a(k)



waT k a k) = d3k
(k)a(k) /(271')32

Canceling

a' (K)a(k)



Energy expectation of a state




wle' Baw = [ S

Energy expectation of a state is positive, as it is the sum of squared norms

la(®)|2)]1* > 0



HnZ/djc m,;zv(;%):/ 'k waT(E)a(E):/(Q(ifSQ o' (B)a(F)

wie' Baw = [ S

Hence a lowest or ground or vacuum state |0) exists

la(®)|2)]1* > 0



SN = | —22 wal(B)ak) = dk o (Ba(k
(N(F) = / i e Bl / iz @ Frolh

hw
wim, ) = [ % wla! Bra(ie) = [ (di la(®)2) 2 > 0

Annihilate the vacuum state



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1

Create a particle of momentum k from the vacuum state



(27)%2
[ d%k P N S
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) =0
! (7)0) = 1
1

Create n particles of momentum k from the vacuum state



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

Pre-factor normalizes the state as for the quantum simple harmonic oscillator



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

Pre-factor normalizes the state as for the quantum simple harmonic oscillator

a'ln) = ¢jn +1)



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

Pre-factor normalizes the state as for the quantum simple harmonic oscillator

a'ln) =cn+1) = (nla = (n+ 1|c*



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c*cln+ 1) = (n|aa’|n)



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

n(k)!
Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

n(k)!
Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)
e =n+1



(27)%2
_ [t Ba®e = [ —CE e
w0 = [ G W @e@®w) = [ S @I > 0
a(k)|0) = 0
! (7)0) = 1
1

n(k)!
Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)
P =n+1«c=vn+1



(27)%2
_ [t Ba®e = [ —CE e
wim, ) = [ f2@|<m<mww1/@ﬂﬁu<mwm >0
a(k)|0) = 0
o' (7)[0) = )
1

n(k)!
Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)
P =n+1«c=vn+1
a0y = V1 1)



(27)%2
_ [t Ba®e = [ —CE e
wim, ) = [ f2@|<m<mww1/@ﬂﬁu<mwm >0
a(k)|0) = 0
o' (7)[0) = )
1

n(k)!

Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)
P =n+1«c=vn+1
a0y = V1 1)
a0y = V1v2|2)



(27)%2
_ [t Ba®e = [ —CE e
wim, ) = [ f2@|<m<mww1/@ﬂﬁu<mwm >0
a(k)|0) = 0
o' (7)[0) = )
1

n(k)!

Pre-factor normalizes the state as for the quantum simple harmonic oscillator
a'ln) =cn+1) = (nla = (n+ 1|c*
(n+1|c"cln+ 1) = (nlaa’|n) = (n|a’a + 1|n)
(e (n + i+ 1) = (n|N|n) + (nln)
P =n+1«c=vn+1
a0y = V1 1)
a0y = V1v2|2)
a™0) =v1-2-3---n|n) = Vnl|n)



(27)%2
[ d%k fom ey [ dk S
w0 = [ G W @e@w) = [ S @I > 0
a(k)|0) =0
! (F)0) = 1)
1

Create a general Fock state of n(lzl) particles of momentum /;l from the vacuum state



Pk
(27)%2

Q,

la(®)|2)]1* > 0

These particles are bosons because the creation operators commute






FEYNMAN PROPAGATOR



(O°+m g =0

Recall the free Klein-Gordon equation



(O +m )(x) = J(z)

Add a source “current” J(z) = J(Z,t)



(O +m )(x) = J(z)

h? . I
Compare Schrédinger equation 40,9 (%) = —%V%w(m) + V(Z)yY(Z)



(O +m )(x) = J(z)

2
Compare Schrodinger equation <7Zh8t + 2hmV2> V() = V(Z)Y(F)



(O +m )(x) = J(z)

2
Compare Schrodinger equation <7Zh8t + 2hmV2> Y(Z) = V(2)(Z) = J(X)



(O +m%)g(x) = J(x)
(O +m*)G(x — ') = =6 (z — 2)

“Green’s function” propagator is the solution for a point source
prop



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)

#() = do(z) — / %' Gl — ') J(z)

General solution is the superposition with the source, where ¢4 () solves the free equation



(O +m7)p(z) = J(x)

(O +m*)G(x — ') = =6 (z — 2)

b(z) = go() — / %' Gl — ') J(z)

(0% + m2)g(x) = (O + m?)o(z) — (OF + m?) / ' Gz — 2')J(@)

Check by applying 0% + m? to both sides, where 0% = 8,52 — Vi



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
(@) = dola) — [ &'’ Gla— o')I()
(OF + m?)o(@) = (O + m?)do(x) — (OF +m?) /d4:1:' Glo—a') @) =0+ /d4:1:' 54z — o) I ()

Free and point solutions



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) I (&) = J(z)

Dirac delta sifting



(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) I (&) = J(z)

l‘—l‘/ _ d4k: ef’ik»(zfz/)’"
o= [ 5% G(k)

Fourier expand into momentum states whose components k' are independent, so generically K° #w



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) J (&)

l‘—l‘/ _ d4k ef’i,k»(ccfz/)
o2 = [ % G(k)

Simpler notation is common but slightly ambiguous



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) J (&)

l‘—l‘/ _ d4k ef’i,k»(ccfz/)
o2 = [ % G(k)

0z —2) = / d4k* ¢ ih(e=2)
(2m)*
Fourier expand the Dirac delta point source into momentum states



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) J (&)

4 ’
Gl —a) = / d k’4 ik (=2 )G(k)

(2m)
A% _ik(eo
(54(23 —ZE,) _ / (27T)4 e k-( )
(D2+m2)/ d%k efik-(zfz’)G(k):7/ d'%k eﬂ’k.(zﬂ;’)
(2m)* (2m)*

Substitute into propagator Green’s function differential equation



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O 4+ m?)6(z) = (O + m®)do (@) — (0% + m?) /d4:1:' Gla—a)J(z') =0+ /d4:1:' 54z — 2V J(2)

4 i
Glz—a') = / dk  -ika=a) g

(2m)
4 ’
(54(1' _ LE,) _ / (;i ];:4 elev(zfz )
™
4 ! 4 . ’
s Y
4 ’ 4 ) ’
/ (s l; (=k* +m®)e™ M G(k) = */ (j l;z e~ @)
Y Y

Differentiate with 0% = 8,52 — Vi



(O +m )(x) = J(z)

(O +m*)G(x — ') = =6 (z — 2)
b(z) = go() — / %' Gl — ') J(z)

(O + m)o(z) = (OF + m?)eo(z) — (0% +m?) /d4:1:' Glz—2)J@) =0+ /d4:1:' 5z — ) J (&)

4 ’
Gl —a) = / d k’4 ik (=2 )G(k)

(2m)
4 ’
(54(1' _ LE,) _ / (;i ];:4 elev(zfz )
™
4 ! 4 . ’
s Y
4 ’ 4 ) ’
/ (s l; (=k* +m®)e™ M G(k) = */ (j l;z e~ @)
Y Y

(=k* +m*)G(k) = -1

Compare integrands



Solve for the momentum space propagator

(=k> +m*)G(k) = -1



1

()2 — 52— m2

Spacetime split



1 -
5 w+=+\/k2+m2>0

Tl

Substitute the positive frequency



_x/ _ d4k' F—v‘,k-(ac—:c/)
G(x ) /7(271')4 > G(k)

Coordinate space Green’s function propagator is the Fourier transform of the momentum space propagator



Substitute




_x/ _ d4k' F—v‘,k-(ac—:c/)
G(x ) /7(271')4 > G(k)

_/ d'%k k(a1
(2m)"* (k°)* = w?

Integrand diverges at two poles k° = 4w . on the real axis

o+



/ d'%k k(a1
(2m)"* (k°)* = w?
1

= 72 2, 7
k® —m” + e

Ap(k)

Feynman propagator complexifies the Green’s function ...

o+



/ d'%k k(a1
(2m)"* (k°)* = w?
1

= 72 2, 7
k® —m” + e

Ap(k)

by moving the poles infinitesimally off the real axis

>R(k°)

[ ] .
W4 — 1€



(2m)*

_/ d*k e_ik.(x_x’) 1
(2n)! F)
1 1

Ap(k)

TR mirid () = (w, —ie)

where € = €2w, | 0

>R(k°)

[ ] .
W4 — 1€



(2m)*

_/ d*k e_ik.(x_x’) 1
(2n)! F)
1 1

TR mirid () = (w, —ie)

1 1 1
- 2w, <k0 — (wy — i€) B ko—|—(w+—ie)> O

Partial fraction decomposition as € | 0

>R(k°)

[ ] .
W4 — 1€



E—m® ()’ —k*-m® (k") -
4 ’

Gz — ) = / e (k)

(2m) A

(2m) (k)" —wi — (w4t —i€)

1 1 2 b 0
Ap(k) = = +0 >R (k)

r (k) K —m®+ie (k") — (w, —ie)’ (€) w,— e

1 1 1
- 2w, <k0 — (wy — i€) B ko—|—(w+—ie)> O

A% _ik(e—a
AF(xfx/):/We B Ap (k)

Coordinate space Feynman propagator is the Fourier transform of the momentum space propagator



1 1 1 72 2
G(k) = = = = , =+VE"+m" >0
(k) om? YR —m® (Y- Wi m
4 ’
(2)
_/ &% _ige—ay 1
)" &) =7 (s — i)
1 1 2 b 0
Ap(k) = = + O(e >R (k)
r(k) E_mitid ()7 — (w, —ie)” (€”) Wt i€
1 1 1
= - + O
2w, <k0—(w+—ie) k0+(w+—ie)> ©
Kk . /
Ap(z—1') = / L otk (@ )AF(k)
(2)
_/ dak )—z'lv(z—z/) 1 _ 1
(27)° 2w, K — (we —ie) K+ (wy — ie)

Substitute



E—m® ()’ —k*-m® (k") -
4 ’
Glz—7') = / AR k=G (k) ()
(2m) \
_ / d'%k k(a1
(2m)" (k)% - w? —(wy — i)
1 1 2 b 0
Ap(k) = = +0 >R (k)
r (k) K —m®+ie (k") — (w, —ie)’ (€) w,— e
1 1 1
= - +0
2w, <k0—(w+—ie) k0+(w+—ie)> ©

A% _ik(e—a
AF(xfx/):/We B Ap (k)

_ / dak (}—z’lv(z—z/) 1 _ 1
(27)°2w, K — (we —ie) K+ (wy — ie)

_ / 4%k iR @) / E ik =t 1 _ 1
(27)° 2w, 27 K — (w, —ie) K+ (w, — ie)

Spacetime split with k- x = Kt — k-7




!
—iw(t—t
dw e ! )

21 w — (wy — i€)

Extend the first w = k° real integral ...

3 R 0 .0 ’
Ap(z — ') = / % RACES / dk” ikt ; 1 N 1 |
(27)° 2w, i B~ (w0, —ie) K+ (wr —ie)



dz o2t . / dw pmiw(t—t) B ?{ dz cfiz(tft,)
4 21z — (w, — i€) 21w — (w, —ie)  Jo 2wz — (w, — i€)

to a closed contour C' in the complex plane



dz o2t . / dw pmiw(t—t) B ?{ dz izt
4 21z — (w, — i€) 21w — (w, —ie)  Jo 2wz — (w, — i€)

where z € C and w € R



’
—iz(t—t
dz e )

227 2 — (w, — i€

i+ /

r
—iw(t—t
dw e ™! )

27 w — (w, — i€)

-},

r
—iz(t—t
dz e ¥ )

27 2z — (w, — i€)

Contour segment A is a circular arc of radius R 1 co

(K°)
t<t
iR <
: T R(E)
1 o N 1
wy — i€




—iz(t—t') —iw(t—t") —iz(t—t')
/%—e - +/d7w7(, - =7{ dz e - :27T7ZZRes
421z — (w, — i€) 2 w — (w, — i€) c 27z — (w, — i€)

The contour integral is proportional to the sum of the residues of the integrand inside the contour

(k%)
t<t
iR
} +—R(K0)
\ o« .
\ Wy — €,
AY ’
AY ,
Y 4
\\ l7
LR T t> t/




—iz(t—t') —iw(t—t") —iz(t—t')
/%—e - +/d7w7(, - =7{ dz e - :27T7ZZRes
421z — (w, — i€) 2 w — (w, — i€) c 27z — (w, — i€)

+Oodw efiw(tft/)

0+ [ 0m———— =2mi0, t<t,el0, RToo
27 w — (w, — i€)

For t —t' < 0, close contour from above so the A integral vanishes as R 1 oo

(k%)
t<t
iR
¥ { m(ko)
\ o .
\ Wy — 1€,
AY ’
A} ’
A Y /
\\ l7
SeolLo-n t> t/




—iz(t—t') —iw(t—t") —iz(t—t')
/%—e - +/d7w7(, - =7{ dz e - :27T7ZZRes
421z — (w, — i€) 2 w — (w, — i€) c 27z — (w, — i€)

+Oodw efiw(tft/)

0+ [ 0m———— =2mi0, t<t,el0, RToo
27 w — (w, — i€)

No poles inside the contour leaves no residue




. r . r
—iz(t—t —iw(t—t
e i ) dw e ™! )

dz
2 z — (w, — i€)

J o/

+oo . 7
0 dﬁ e*Lw(t t)
27 w — (w, — i€)
—oo
— 00 . ’
dw efuu(tft )
O - - @@
+ 21 w — (w, — i€)
—+oo

For t —t' > 0, close contour from below so the A integral vanishes as R 1 oo

27 w — (w, — i€)

dz e—iz(t—t )

1.

=270,

@ ¢ iR
21 z — (w, — i€) WZ o

t<t,el0, Rtoo

1 —iw —¢
= 2mi 5 —c ) > €10, RToo

™
(k%)
t<t
iR
k +—R(k°)
\ o .
\ Wy — 1€,
AY ’
A} ’
A Y /
\\ l7
SeolLo-n t> t/




—iz(t—t') —iw(t—t") —iz(t—t')
/%—e - +/d7w7(, - =7{ dz e - :27T7ZZRes
421z — (w, — i€) 2 w — (w, — i€) c 27z — (w, — i€)

+o0 : U
dw e*tw(tft)
. /
) R s B et e
— oo *
— o0 . ’
—iw(t—t) ’
o [T o Lt oy clo RToo
27 w — (w, — ie€) 27 7 ’ ,
+oo

For an integrand f(z), a simple pole at zy inside the contour leaves the residue
Res(f,20) = lim (2 — 2)f(2)
Z—)‘ZO




. r . r
—iz(t—t —iw(t—t
e i ) dw e ™! )

dz e
2 z — (w, — i€)

J o/

+oo . 7
0 dﬁ e*Lw(t t)
27 w — (w, — i€)
—o0
— 00 . !/
dw efuu(tft )
0 [
+ 21 w — (w, — i€)
—+oo
N diw efiw(tft ) B 0,
21 w — (w, —ie) e (tt ),
“+oo

Consolidate results

27 w — (w, — i€)

dz e—iz(t—t )

i

=270,

— = 2mi R
21 z — (w, — i€) WZ -

t<t, e€l0, RToo

1 —iw -t
= 2mi 5 —c ) > €10, RToo

vy
(k%)
= t<t
7
t<t
t>t
k +—R(k°)
\ °
\ wy — €,
AY ’
A} ’
A Y /
\\ l7
SeolLo-n t>t,




. r . r
—iz(t—t —iw(t—t
e i ) dw e ™! )

dz e
2 z — (w, — i€)

J o/

+o0o

27 w — (w, — i€)

dz e—iz(t—t )

i

= 271 Z Res

27 z — (w, — i€)

dw efiw(tft/) /
0+ | o= =g~ 20 t<t,el0, Rtoo
— 00 . !/
—iw(t—t) ,
o4 [ T o L) oy 10 R oo
21 w — (w, — i€) 27 ’ ’ ’
o )
- t<t
o et 0, t<t g
21 w — (wy —ie) | —ie ) sy
—+o0o
—o0 0 ’ ¥ ] m(kO)
0 ikt i ey : )
Tk — (wy —i€) N ,
+o0 \ ’
\\ 7/
Restore w = k° and introduce a step function O(t) AT I




!
—iw(t—t
dw e ! )

27 w + (w, — ie)

Extend the second w = k" real integral ...

3 0
A ik (Z—2 1k ik e—t 1 1
Aﬂm—x'):/%e‘k(' )/(—e K =t) 5 — — =5 -
(27m) 2w, 27 kW —(wy —ie) k4 (w, —i€)



% —iz(t—t") . / dﬁ i—iu(t—t') B ?{ dz —iz(t—t")
4 27z + (w, — i€) 21w+ (wy —ie)  Jo 21 2+ (w, — i€)

to a closed contour C' in the complex plane



% —iz(t—t") . / diw j—iu(t—t') B ?{ dz —iz(t—t")
4 27z + (w, — i€) 21w+ (wy —ie)  Jo 21 2+ (w, — i€)

where z € C and w € R



—iw(t—t") —iz(t—t")

dz ('7’iz(t7t/) +/dfw P _%di e
4 27z + (w, — i€) 21w+ (wy —ie)  Jo 21 2+ (w, — i€)

Contour segment A is a circular arc of radius R 1 co




—iz(t—t')

—iz(t—t') —iw(t—t")
dz e +/dw e :% dz e :27T7ZZRes

/Aﬂz—l—(w+—ie) 27w+ (w, — i€) o 27 2 + (w, — i€)

The contour integral is proportional to the sum of the residues of the integrand inside the contour




—iz(t—t')

—iz(t—t') —iw(t—t")
/dz e +/dw e :% dz e :27T7ZZRes
A C

27 2 + (w, — i€) 27w+ (w, — i€) 27 z + (w, — i€)

+oo . ’
0+ dw e wtt) o 1 €7iw+(t7t') t<t,el0, Rt oo
- =971 —e €
21 w + (w, — i€) 27 ’ ’ ’
—o0

For t —t' < 0, close contour from above so the A integral vanishes as R 1 oo




—iw(t—t") —iz(t—t')

[y I
421z 4+ (w, — i€) 21w+ (wy —i€)  Jo2mz+ (wy, —ie)

+oo . ’
0+ d—“’LMmeie*““H') t<t,el0, RToo
21w+ (w, —ie) 2 ’ ’ ’
—o0

For an integrand f(z), a simple pole at zy inside the contour leaves the residue

Res(f,20) = Zli{leo(z —20)f(2)




—iz(t—t')

dz e =0mt) dw eTwEt) dz e
/A27rz+(w+—ie)+/27Tw+(w+—7le) ?{;2712—&—(0.4—16) WZ es

oo —iw(t—t")

dw e 1 e -t ’
0 — = 2m—e T t<t 0, R
+ 21 w + (w, — i€) T ont ’ <t ed0, RToo
— 00
— 00 . !/
dw efuu(tft) ,
0 — = 2mi0 t>t 0, R
+ 27 w + (w, — i€) e > 1, €0, Rfoo
+oo
For t —t' > 0, close contour from below so the A integral vanishes as R 1 oo bt
+—R(K°)
1 1
\ 1
AY ’
AY ’
Ay 4
‘\\ IW
R P 4




—iz(t—t')

—iz(t—t') —iw(t—t")
/%—e - +/d7w7(, - =7{ dz e - :27T7ZZRes
421z 4+ (w, — i€) 27 w + (w, — i€) c 27z + (w, — i€)

oo —iw(t—t")

dw e 1 e -t ’
L VY S t<t 0, R
0+ 21 w + (w, — i€) T ont ’ <t, el Too
—o0
— 00 . ’
dw efuu(tft) ,
L E—— P} t>t,el0, R
0+ 27w+ (w, — i€) m et Too
+oo
No poles inside the contour leaves no residue to v
—R(k)
1 1
\ 1
AY 1,
A} 4
A} 4
‘\\ IW
R P 4




/ % e—iz(t—t’) . / dﬁ cfm(tft’)
421z 4+ (w, — i€) 27 w + (w, — i€)

+oo . ’
dw e*Lw(tft )
0+ P ——
21 w + (w, — i€)
— 00
— 00 . ’
dw efuu(tft )
0+ P ——
27w+ (w, — i€)
—+oo

—o0

21w+ (w, —i€)
“+oo

0,

Consolidate results

dw  e—iwl=t) _{ ie—iw+(t—t/)7 b <t

=270,

t>t

= 271 Z Res

-},

1
= aT?

27 z + (w, — i€)

T €10, RToo

t>t, €l0, RToo




/@L’“’)+/wc”“”_7g dz o770
421z 4+ (w, — i€) 21 w+ (wy —i€)  Jo 2m 2z + (w, — i€)

+oo . 7
0 dw e*Lw(t t) o 1
R VO
21 w + (w, — i€) 27
—oo
— 00 . !/
—iw(t—t)
o4 [T T o0,
27w+ (w, — i€)
+oo

—o0

do T [ ettt oy
27 w + (wy — ie) 0, t>t

—+o0

—o0

o —ik’(t—t) /
/ dk e i@(t' _ t)e'i,uur(t—t )

27 &0 iy
R + (wy — ie)

Restore w = k” and introduce a step function ©(t)

= 271 Z Res

t<t




d’%k iE(F—7) Lffo €—i,k0(t—t/) 1 _ 1

Ap(z—a') = o35 . ¢ 2 0 0
( ) /(2%—) 2w, 27 <k —(wy —i€) k4 (w, —i€)

Recall Feynman propagator



B
’51

AF(a:—x’>=/(ds’“a-

) dk" —;ko(t—t/) 1 1
27)* 2w, 21

K — (w, —ie) K+ (w, —ie)

§ k(2 / . ’
:/$e”€“ v (ﬂe( te o (¢ = Dot —t)e et >)
(2m) 2w,

Substitute



A N d’k X z dik® ik (e=t) 1 _ 1
r@=T) = | e, © 27 K — (. —i6) K+ (w0, — i)

’ k(& / iwy (b=t
:/ d3k RIRCE (7L9( t)e iwy (' —t) O — t)e (t—t ))
(27)" 2w,

=
Q
%i

3 — ’
%k i itk (-7 . d’k iwy (t—t')+ik-(F—F
:—iQ(t—t,)/Wew+(t t)i+k- (£ x)_ZQ(t/_t)/We +

) Wy +

Expand



3
Ap(x—a') = / dsk e
(27) 2w,

kol
Q

dk" ik (=t 1 _ 1
27 K —(w, —ie) K+ (w, — ie)

4%k iE(F—7) iwy (=) o iwy (—t")
= 1 (ﬂe( ) o — t)ei )
(27)" 2w,
’ dgk iw (t/ft)j+];.(g_j‘—(2’/> / dsk iw (tft/)+iﬁ-(iff/)

:—z@(t—t)/fe +( =i —z@(t—t)/ige +(t=t)i

(27)" 2w, (27)" 2w,

3 ’ L7 - v 3 . ’ T o)

_ —7@(t _ t/)/ dgk c—mur(t—t )tik-(E—2) 79(15/ _ t)/ dgk Cszr(t—t )—ik-(Z—& )

(27)7 2w, (27) 72w,

Replace t — t' Replace k- ,E’ where d’k = k*d2



3 (= 0 ’
Ap(z—1) :/digke'k'(x ® dk’ etk (=t < 7 ! — — — 1
(27) 2w, or ¢ K — (w0, —ie) K+ (
’ k(% / . ’
= / _AE ke V(—io ) ot — e )
(2m) 2w,
3 ’ e L ) 3.
= —iO(t - t,) / % ew+(t —t)itk (F—2") _ i@(t/ —4) / digk
(2m)" 2w, (27)%2w,
3 N 3
_ —i@(t _ t/) / %G—Lu@(t—t )+ik-(F—F) i@(t/ o t)/dif
(2m) 2. (2m)" 2w,

d’k

Consolidate with k -z =w, t — k- &

(et - e F @) Lo

-

—

_ t)elk(zfz,))

w, — i€)

eiw+(t—t/)+iﬁ-(£—f/)

(}z‘er(t—t/)—z}E(f—i/)



3 o
Aple— o) = / Ok ik Ak i) < 1 1
0 N
(27) 2w, 27 K —(w, —ie) K+ (w, — ie)
4k R (Ea)
_ LN - 7,w+(t t) r iw (tft/)
./Eﬁﬁiz (Le( t)e 0t — t)e'+ )

_ / A’k iwy (8 —t)itk-(F—7 d*k ik
=—0F-t) [ T et L'W%t49w—w/‘*f—fwmvwﬁwﬂw
(27)" 2w, (27)" 2w,

. d3k —iw ! P o) 3 ’ -
— e t/)/ — e (=R E-F) g t)/ d’k piws (t—t)—ik-(@-7)
(27)7 2w, (2m)%2w,

d’k

3
iAp(z—x) z/dif

(27)" 2w,
Multiply by i

(@(t . t/)efik'(z—z') + Q(t,

(@@—

7 t)elk(zfz,))

t/)e_ik'(x_x/) +Ot - t)eik'(x_xl))



3 e = e
Ap(z - w/) _ / dgk‘ e,‘,k.(x dk® _,k (t—t" ; 1 - 1
(27) 2w, 27 kW — (wy —ie) k4 (w, —ie€)
dgk ik-(Z— / iw iw —t
= / S R (gt — ) T et — )
(27)" 2w,
, dsk . Vit R (-7 , dSk . INL T
= —i@(t —t ) / — e“"+( —t)itk (F—2") _ Z@(t _ t) / — ewur(t—t )ik (Z—F)
(27)" 2w, (27)" 2w,
3 , - , 3 ’ - q
— e t/)/ dgk e (=R E-F) g t)/ dgk piws (t—t)—ik-(@-7)
(27)7 2w, (27) 72w,

d’k

. "o d%k
Arle =) = / (27)%2w

Streamline notation

(@(t . t/)efik'(z—z') + Q(t,

(et —t)e = Lo

_ t)elk(zfz,))

_ t)e’ikz-(ac—x/))



o) = [ &% (alRje™ ™" +a' (B)c")

Recall real scalar field Fourier decomposition, where notationally a' (k) = a(k)"



(a(E)ﬁﬂk'z JraT(E)eik'I) — / (2::§2w (G(E)Q_ikw +aT(E)ejk'x)

Expand Lorentz invariant measure



¢(x) = /fﬂf(a(’z)ﬁﬂk'z +aT(E)eik'I) _ / (2::§2w (a(l})e_"”“‘”“ +aT(E)eik~x)

6(2)[0) = / (2:)752&) (a(E)|o>e—“<-w +a+(,g)‘0>e,;k.m)

Apply real scalar field to the vacuum state



(a(E)ef“” + aT(lZ)eik'I) _ /

d’k

3 _ . ,. & o
o (a0 4 a B0y ) =/ Ih_ gyt

(27)%2w
and create a quantum at x with momentum p = Ak



(a(E)ef“” + aT(E)e””) _ /

(27)* 2w

d’k

(27)° 2w (alB)e™** + ol (R)e™™)

3 . = . 3 o
TE_ (a®l0)e™™ + ! (B]0)e™) =/ Ih_ gyt

(27)%2w
and create a quantum at x with momentum p = k in natural units



(a(fé)e*“” + aT(lZ)eik'I) _ /

d’k
(27)%2w

(e + ol (F)e)

3 3
e (Bl + a0 ) = [ e

(27)%2w



p(z) = /i(a(’;)ﬁﬂk'z +aT(E)eik'I) _ / (2::52w (a(l})e_"”m +aT(E)e7’k~x)

¢(x)[0) =/ :3k ” (a(E)|o>e‘““'””+a*(1§)\0>e"’“'w) :/(ijéﬂzw“;)em.x

/ &k ikt
(0\¢($)=/m<k ok

Prime the variables



¢(x) = /fﬂf(a(’z)ﬁﬂk'z +aT(E)eik'I) _ / (2::§2w (a(l})e_"”“‘”“ +aT(E)eik~x)

¢()[0) =/ o ” (a(E)Io>e‘“”+a*(1§)\0>e"’“'w) :/ &’k Byt

(27)%2 (27)%2w
N dsk'/ 1 —ik -x
Ol = | G55 F!
d' Ik i ik
Olo9@I0) = [ S5 [ S E R

Scalar product is the vacuum expectation



¢(x) = /fﬂf(a(’z)ﬁﬂk'z +aT(E)eik'I) _ / (2::§2w (a(l})e_"”“‘”“ +aT(E)eik~x)

3 = oew . Pk = ks
$(x)]0) :/(2:)§2w (a(k)|o>e—lk +aT(k)\0>e’“ ):/(%)Szwuc)ek
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Dirac delta sifting, where K =k forces w = w
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Recall Feynman propagator
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Substitute
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Feynman propagator is the vacuum expectation of the time-ordered-product of the field operators
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Amplitude that a particle is created at time t', propagates from Z’ to Z, and is annihilated at a later time ¢ > ¢’
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Time ordering means earlier operators to the right of later operators (so applied earlier)
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Normal ordering means annihilation operators to the right of creation operators, for comparison
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