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d
3
k δ

3
(k⃗ − k⃗′) =

∫
d
3
k

ω
ω δ

3
(k⃗ − k⃗′) =

∫
d
3
k

(2π)
3
2ω

(2π)
3
2ω δ

3
(k⃗ − k⃗′)

E = ω, p = k in natural units

■



1 =

∫
d
3
p δ

3
(p⃗− p⃗ ′

) =

∫
d
3
p

E
E δ

3
(p⃗− p⃗ ′

) =

∫
d
3
p

(2π)
3
2E

(2π)
3
2E δ

3
(p⃗− p⃗ ′

)

1 =

∫
d
3
k δ

3
(k⃗ − k⃗′) =

∫
d
3
k

ω
ω δ

3
(k⃗ − k⃗′) =

∫
d
3
k

(2π)
3
2ω

(2π)
3
2ω δ

3
(k⃗ − k⃗′) ■



Euler-Lagrange Equations



S =

∫
dtL

Action is the temporal integral of the Lagrangian

=

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL

Lagrangian density

=

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL

Iterated integral → 4D integral

=

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

4-volume d
4
x = dx

0
dx

1
dx

2
dx

3
= c dt dx dy dz

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

4-volume d
4
x = dx

0
dx

1
dx

2
dx

3
= dt dx dy dz in natural units

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

Compare mechanics L(x, ẋ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

Vary field ϕ(x) except on boundary

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS

Action is stationary if variation vanishes

=

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

Variation and integration commute for fixed 4D volume Ω

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
Variational chain rule

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
Variation and derivative commute

δq = (q + δq)− q →
δ(∂tq) = ∂t(q + δq)− ∂tq = ∂t(δq)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
Partial integration

d(uv) = du v + u dv →

+

∫ b

a

u dv = −
∫ b

a

du v + uv
∣∣∣b
a

=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
Partial integration

d(uv) = du v + u dv →

+

∫ b

a

u dv = −
∫ b

a

du v

with vanishing boundary term ϕ(x) = 0

=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

Factor the variation

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

Since variation is arbitrary, integrand must vanish

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
Solve

■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
Compare 1D mechanics

∂L

∂q
=

d

dt

∂L

∂q̇

■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
=

∂

∂x
µ

∂L
∂(∂ϕ/∂x

µ
)

Explicit coordinates

■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
= ∂0

∂L
∂(∂0ϕ)

+ ∂1
∂L

∂(∂1ϕ)
+ ∂2

∂L
∂(∂2ϕ)

+ ∂3
∂L

∂(∂3ϕ)
Einstein summation convention

■



S =

∫
dtL =

∫
T

dt

∫
V

d
3
xL =

∫
T

∫
V

dt d
3
xL =

∫
Ω

d
4
xL(ϕ, ∂µϕ)

ϕ→ δϕ, δϕ
∣∣∣
∂Ω

= 0

0 = δS =

∫
Ω

d
4
x δL(ϕ, ∂µϕ)

=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µ(δϕ)

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ

δϕ− ∂µ
(

∂L
∂(∂µϕ)

)
δϕ

)
=

∫
Ω

d
4
x

(
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

)
δϕ

∀ δϕ→ ∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
■



Klein-Gordon Equation
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Klein-Gordon Solutions



ϕ ∝ e±ik·x
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ϕ ∝ e±ik·x, k · x = k
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+ a

†
(k⃗)e

ik·x
)

π(x) =
∂L

∂(∂0ϕ)
= ∂

0
ϕ = ϕ̇ =

∫
d
3
k

(2π)
3
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(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2

Squared 4-momentum is squared mass, where p = ℏk

→ k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
k⃗

ϕ(x) ∝
∫
d
3
k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x) =

∫
d
3
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(2π)
3
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(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

π(x) =
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∂(∂0ϕ)
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0
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∫
d
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)
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2

Squared 4-momentum is squared mass, where p = k in natural units

→ k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
k⃗

ϕ(x) ∝
∫
d
3
k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x) =

∫
d
3
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3
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(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

π(x) =
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∂(∂0ϕ)
= ∂

0
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∫
d
3
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3
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(
a(k⃗)e
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2 → k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
k⃗

4-momentum time component

ϕ(x) ∝
∫
d
3
k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x) =

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

π(x) =
∂L

∂(∂0ϕ)
= ∂

0
ϕ = ϕ̇ =

∫
d
3
k

(2π)
3
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(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2 → k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
k⃗

ϕ(x) ∝
∫
d
3
k a(k⃗)e

−ik·x

General solution is the superposition

ϕ(x) ∝
∫
d
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−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x) =

∫
d
3
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(2π)
3
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(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

π(x) =
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= ∂

0
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∫
d
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(
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)
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2 → k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
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ϕ(x) ∝
∫
d
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k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
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−ik·x
+ a

†
(k⃗)e

ik·x
)

Add hermitian conjugate so ϕ = ϕ
† ∈ R

ϕ(x) =

∫
d
3
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3
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(
a(k⃗)e

−ik·x
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†
(k⃗)e

ik·x
)

π(x) =
∂L

∂(∂0ϕ)
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0
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∫
d
3
k

(2π)
3
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(
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)

■



ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
x
0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
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∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
= m

2 → k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω

2
k⃗

ϕ(x) ∝
∫
d
3
k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

Nationally, a
†
(k⃗) = a(k⃗)

†
, like sin

2
θ = sin

2
(θ) = sin(θ)

2
= (sin θ)

2

ϕ(x) =

∫
d
3
k

(2π)
3
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(
a(k⃗)e

−ik·x
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†
(k⃗)e

ik·x
)

π(x) =
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= ∂
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ϕ ∝ e±ik·x, k · x = k
µ
xµ = gµνk

µ
x
ν
= k

0
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0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ

(∂
µ
∂µ +m

2
)ϕ = 0 → (−k2 +m

2
)ϕ = 0 → k

2
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2 → k
2
0 = k⃗

2
+m

2
= k⃗ · k⃗ +m

2
= ω
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k⃗

ϕ(x) ∝
∫
d
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k a(k⃗)e

−ik·x

ϕ(x) ∝
∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x) =

∫
d
3
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3
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(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

Include Lorentz invariant measure normalization as d
3
k/ωk⃗ = d

3
p/Ep⃗ is the same for all observers

ϕ(x) =
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3
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−ik·x
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†
(k⃗)e

ik·x
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= ∂
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ϕ ∝ e±ik·x, k · x = k
µ
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µ
x
ν
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0
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0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
∂µϕ = −kµkµϕ = −k2ϕ
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)ϕ = 0 → (−k2 +m
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∫
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ϕ(x) ∝
∫
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)

ϕ(x) =

∫
d
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3
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(
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−ik·x
+ a
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(k⃗)e

ik·x
)

Streamline notation

π(x) =
∂L

∂(∂0ϕ)
= ∂

0
ϕ = ϕ̇ =

∫
d
3
k

(2π)
3
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(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
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µ
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0 − k1x1 − k2x2 − k3x3 = ωt− k⃗ · x⃗

∂µϕ = ±ikµϕ

∂
µ
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)ϕ = 0 → (−k2 +m

2
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2
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∫
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∫
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)

π(x) =
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Conjugate momentum density

= ∂
0
ϕ = ϕ̇ =

∫
d
3
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3
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(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
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∫
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∫
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†
(k⃗)e

ik·x
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π(x) =
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∂(∂0ϕ)
= ∂
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ϕ

Conjugate momentum density for Lagrangian density L =
1

2
∂
α
ϕ∂αϕ−

1

2
m

2
ϕ
2

= ϕ̇ =

∫
d
3
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3
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(−iω)
(
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)
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µ
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∫
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Compare mechanics p =
∂L

∂ẋ
= mẋ for Lagrangian L = 1

2
mẋ

2 − V (x)

=

∫
d
3
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3
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(
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)
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Time derivative ∂
0
e
±ik·x

= ±ik0e±ik·x
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∂
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Commutation Relations



[ϕ(x⃗, t), π(y⃗, t)] = iδ(x⃗− y⃗)

Impose nonzero commutation relation on field operators

ϕ(x) =

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

∫
d
3
x e

ik
′·x
ϕ(x) =

∫
d
3
x

d
3
k

(2π)
3
2ω

(
a(k⃗)e

i(k
′−k)·x

+ a
†
(k⃗)e

i(k
′
+k)·x

)
=

∫
d
3
x

d
3
k

(2π)
3
2ω

(
a(k⃗)e

i(ω
′−ω)t

e
−i(k⃗

′−k⃗)·x⃗
+ a

†
(k⃗)e

i(ω
′
+ω)t

e
−i(k⃗

′
+k⃗)·x⃗

)
=

∫
d
3
k

2ω

(
a(k⃗)e

i(ω
′−ω)t

δ
3
(k⃗

′ − k⃗) + a
†
(k⃗)e

i(ω
′
+ω)t

δ
3
(k⃗

′
+ k⃗)

)
=

1

2ω
′

(
a(k⃗

′
) + a

†
(−k⃗′)ei2ω

′
t
)

∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)



[ϕ(x⃗, t), π(y⃗, t)] = iδ(x⃗− y⃗)

Nonzero only at same place at same time, a Lorentz invariant with which all observers will agree

ϕ(x) =

∫
d
3
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3
2ω

(
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′
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′
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δ
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′
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δ
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[ϕ(x⃗, t), π(y⃗, t)] = iδ(x⃗− y⃗)

Compare quantum mechanics [x, p] = iℏ

ϕ(x) =

∫
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′
+k⃗)·x⃗

)
=

∫
d
3
k

2ω

(
a(k⃗)e

i(ω
′−ω)t

δ
3
(k⃗

′ − k⃗) + a
†
(k⃗)e

i(ω
′
+ω)t

δ
3
(k⃗

′
+ k⃗)

)
=

1

2ω
′

(
a(k⃗

′
) + a

†
(−k⃗′)ei2ω

′
t
)

∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)



[ϕ(x⃗, t), π(y⃗, t)] = iδ(x⃗− y⃗)

Compare quantum mechanics [x, p] = i in natural units

ϕ(x) =

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

∫
d
3
x e

ik
′·x
ϕ(x) =

∫
d
3
x

d
3
k

(2π)
3
2ω

(
a(k⃗)e

i(k
′−k)·x

+ a
†
(k⃗)e

i(k
′
+k)·x

)
=

∫
d
3
x

d
3
k

(2π)
3
2ω

(
a(k⃗)e

i(ω
′−ω)t

e
−i(k⃗

′−k⃗)·x⃗
+ a

†
(k⃗)e

i(ω
′
+ω)t

e
−i(k⃗

′
+k⃗)·x⃗

)
=

∫
d
3
k

2ω

(
a(k⃗)e

i(ω
′−ω)t

δ
3
(k⃗

′ − k⃗) + a
†
(k⃗)e

i(ω
′
+ω)t

δ
3
(k⃗

′
+ k⃗)

)
=

1

2ω
′

(
a(k⃗

′
) + a

†
(−k⃗′)ei2ω

′
t
)

∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
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Omit the prime accents on k
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(
a(k⃗

′
)− a†(−k⃗′)ei2ω

′
t
)

Dirac delta sifting property,

∫
d
3
k f(k⃗)δ

3
(k⃗ − k⃗′) = f(k⃗

′
)

∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)



π(x) =

∫
d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)

∫
d
3
x e

ik
′·x
π(x) =

∫
d
3
x

d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

i(k
′−k)·x − a†(k⃗)ei(k

′
+k)·x

)
=

∫
d
3
x

d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

i(ω
′−ω)t

e
−i(k⃗

′−k⃗)·x⃗ − a†(k⃗)ei(ω
′
+ω)t

e
−i(k⃗

′
+k⃗)·x⃗

)
=

∫
d
3
k

2ω
(−iω)

(
a(k⃗)e

i(ω
′−ω)t

δ
3
(k⃗

′ − k⃗)− a†(k⃗)ei(ω
′
+ω)t

δ
3
(k⃗

′
+ k⃗)

)
=

1

2i

(
a(k⃗

′
)− a†(−k⃗′)ei2ω

′
t
)

Since ω
2
= k⃗

2
+m

2
, integrating over the Dirac deltas forces k⃗ = ±k⃗′ and hence ω = ω

′

∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)



π(x) =

∫
d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)

∫
d
3
x e

ik
′·x
π(x) =

∫
d
3
x

d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

i(k
′−k)·x − a†(k⃗)ei(k

′
+k)·x

)
=

∫
d
3
x

d
3
k

(2π)
3
2ω

(−iω)
(
a(k⃗)e

i(ω
′−ω)t

e
−i(k⃗

′−k⃗)·x⃗ − a†(k⃗)ei(ω
′
+ω)t

e
−i(k⃗

′
+k⃗)·x⃗

)
=

∫
d
3
k

2ω
(−iω)

(
a(k⃗)e

i(ω
′−ω)t

δ
3
(k⃗

′ − k⃗)− a†(k⃗)ei(ω
′
+ω)t

δ
3
(k⃗

′
+ k⃗)

)
=

1

2i

(
a(k⃗

′
)− a†(−k⃗′)ei2ω

′
t
)

∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)
Omit the prime accents on k



∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)
Recall Fourier transforms of field and momentum density operators

∫
d
3
x e

ik·x
ωϕ(x) =

1

2

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
i π(x) =

1

2

(
a(k⃗)− a†(−k⃗)ei2ωt

)

a(k⃗) =

∫
d
3
x e

+ik·x
(ωϕ(x) + iπ(x))

a
†
(k⃗) =

∫
d
3
x e

−ik·x
(ωϕ(x)− iπ(x))



∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)

∫
d
3
x e

ik·x
ωϕ(x) =

1

2

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
i π(x) =

1

2

(
a(k⃗)− a†(−k⃗)ei2ωt

)
Multiply by constants ω and i

a(k⃗) =

∫
d
3
x e

+ik·x
(ωϕ(x) + iπ(x))

a
†
(k⃗) =

∫
d
3
x e

−ik·x
(ωϕ(x)− iπ(x))



∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)

∫
d
3
x e

ik·x
ωϕ(x) =

1

2

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
i π(x) =

1

2

(
a(k⃗)− a†(−k⃗)ei2ωt

)

a(k⃗) =

∫
d
3
x e

+ik·x
(ωϕ(x) + iπ(x))

Add and solve for annihilation operator

a
†
(k⃗) =

∫
d
3
x e

−ik·x
(ωϕ(x)− iπ(x))



∫
d
3
x e

ik·x
ϕ(x) =

1

2ω

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
π(x) =

1

2i

(
a(k⃗)− a†(−k⃗)ei2ωt

)

∫
d
3
x e

ik·x
ωϕ(x) =

1

2

(
a(k⃗) + a

†
(−k⃗)ei2ωt

)
∫
d
3
x e

ik·x
i π(x) =

1

2

(
a(k⃗)− a†(−k⃗)ei2ωt

)

a(k⃗) =

∫
d
3
x e

+ik·x
(ωϕ(x) + iπ(x))

a
†
(k⃗) =

∫
d
3
x e

−ik·x
(ωϕ(x)− iπ(x))

Adjoint for creation operator



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

Commutator [a, b] = ab− ba

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

Substitute expansions in terms of field and momentum density operators, where ϕ(x)→ ϕ(x⃗, t)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
Combine integrals

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

Cross terms survive due to nonzero commutators

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

Nonzero commutators are [ϕ(x⃗, t), π(y⃗, t)] = iδ(x⃗− y⃗) = iδ(y⃗ − x⃗)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

Dirac delta sifting property

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
(k⃗ − k⃗′) = 2ω(2π)

3
δ
3
(k⃗ − k⃗′)

[a(k⃗), a
†
(k⃗

′
)] = (2π)

3
2ω δ

3
(k⃗ − k⃗′) ■



[a(k⃗), a
†
(k⃗

′
)] = a(k⃗)a

†
(k⃗

′
)− a†(k⃗′)a(k⃗)

=

∫
d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
∫
d
3
x
′
e
−ik

′·x′ (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) ∫

d
3
x e

ik·x
(ωϕ(x⃗, t) + iπ(x⃗, t))

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′( (

ωϕ(x⃗, t) + iπ(x⃗, t)
) (
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
)

−
(
ωϕ(x⃗

′
, t)− iπ(x⃗ ′

, t)
) (
ωϕ(x⃗, t) + iπ(x⃗, t)

) )
=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′ (

iω[π(x⃗, t), ϕ(x⃗
′
, t)]− iω[ϕ(x⃗, t), π(x⃗ ′

, t)]
)

=

∫
d
3
x
′
d
3
x e

ik·x−ik
′·x′

2ω δ
3
(x⃗− x⃗ ′

)

= 2ω

∫
d
3
x e

i(k−k
′
)·x

t
2
= x⃗

2
+ τ

2
& x⃗ = x⃗

′ → t = t
′ → x = x

′

= 2ω e
i(ω−ω

′
)t

∫
d
3
x e

−i(k⃗−k⃗
′
)·x⃗

= 2ω e
i(ω−ω

′
)t
(2π)

3
δ
3
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Spacetime split k · x = ωt− k⃗ · x⃗
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(k⃗) = E δ
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(p⃗ ) is the same for all observers
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Else [a, a] = 0 = [a
†
, a

†
]
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=

∫
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, t)
) ∫

d
3
x e

ik·x
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Hamiltonian



L =
1

2
∂
α
ϕ∂αϕ−

1

2
m

2
ϕ
2

Recall Lagrangian density for real fields

=
1

2

(
ϕ̇
2 − (∇⃗ϕ)2 −m2

ϕ
2
)

H = π
∂L

∂(∂0ϕ)
− L = ϕ̇

∂L
∂ϕ̇
− L =

1

2

(
π
2
+ (∇⃗ϕ)2 +m

2
ϕ
2
)

H =

∫
d
3
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2

∫
d
3
x
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π
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2
ϕ
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)
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2
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a(k⃗)e

−ik·x
+ a

†
(k⃗)e
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Spacetime split
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Hamilton density is a Legendre transformation of the Lagrangian density

= ϕ̇
∂L
∂ϕ̇
− L =

1

2

(
π
2
+ (∇⃗ϕ)2 +m

2
ϕ
2
)

H =

∫
d
3
xH =

1

2

∫
d
3
x
(
π
2
+ (∇⃗ϕ)2 +m

2
ϕ
2
)

π(x)
2
=

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
−ωω′

(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)(

a(k⃗
′
)e

−ik
′·x − a†(k⃗′)eik

′·x
))

(∇⃗ϕ(x))2 =

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
−k⃗ · k⃗′

(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)(

a(k⃗
′
)e

−ik
′·x − a†(k⃗′)eik

′·x
))

m
2
ϕ(x)

2
=

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
m

2
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)(

a(k⃗
′
)e

−ik
′·x

+ a
†
(k⃗

′
)e

ik
′·x
))

H =
1

2

∫
d
3
x

d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
− ωω′

(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)(

a(k⃗
′
)e

−ik
′·x − a†(k⃗′)eik

′·x
)

−k⃗ · k⃗′
(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
)(

a(k⃗
′
)e

−ik
′·x − a†(k⃗′)eik

′·x
)

+m
2
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)(

a(k⃗
′
)e

−ik
′·x

+ a
†
(k⃗

′
)e

ik
′·x
))



L =
1

2
∂
α
ϕ∂αϕ−

1

2
m

2
ϕ
2
=

1

2

(
ϕ̇
2 − (∇⃗ϕ)2 −m2

ϕ
2
)

H = π
∂L

∂(∂0ϕ)
− L = ϕ̇

∂L
∂ϕ̇
− L

Momentum density operator π = ∂0ϕ = ϕ̇
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(k⃗)e

ik·x
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′
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†
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ik
′·x
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′
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ik
′·x
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2
∂
α
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2
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2
ϕ
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2

(
ϕ̇
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ϕ
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H = π
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− L = ϕ̇
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π
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2
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∫
d
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∫
d
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π
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2
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3
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∫
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Consolidate the integrals & premultiply
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(
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H = π
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∂(∂0ϕ)
− L = ϕ̇
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)
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∫
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)
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(
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(
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)(
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(∇⃗ϕ(x))2 =

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
−k⃗ · k⃗′
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∫
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d
3
k
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(
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(
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ik·x
)(
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+ a
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H =
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∫
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d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

(
− ωω′

(
a(k⃗)e

−ik·x − a†(k⃗)eik·x
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Substitute
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∫
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d
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Factor and FOIL
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∫
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∫
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Unit Fourier transform is the Dirac delta, so

∫
d
3
x e
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3
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3
(c⃗ )

=
1

2
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d
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2

=
1

2

∫
d
3
k

(2π)
3
2ω

1

(2π)
3
2ω

(2π)
3
2ω

2
(
a(k⃗)a

†
(k⃗) + a

†
(k⃗)a(k⃗)

)



H =
1

2

∫
d
3
x

d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′

((
−ωω′ − k⃗ · k⃗′ +m

2
)
a(k⃗)a(k⃗

′
)e

−i(k+k
′
)·x

+
(

ωω
′
+ k⃗ · k⃗′ +m

2
)
a(k⃗)a

†
(k⃗

′
)e

−i(k−k
′
)·x

+
(

ωω
′
+ k⃗ · k⃗′ +m

2
)
a
†
(k⃗)a(k⃗

′
)e

i(k−k
′
)·x

+
(
−ωω′ − k⃗ · k⃗′ +m

2
)
a
†
(k⃗)a

†
(k⃗

′
)e

i(k+k
′
)·x
)

=
1

2

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′ (2π)
3
((
−ωω′ − k⃗ · k⃗′ +m

2
)
a(k⃗)a(k⃗

′
)e

−i(ω+ω
′
)
δ
3
(k⃗ + k⃗

′
)

+
(

ωω
′
+ k⃗ · k⃗′ +m

2
)
a(k⃗)a

†
(k⃗

′
)e

−i(ω−ω
′
)
δ
3
(k⃗ − k⃗′)

+
(

ωω
′
+ k⃗ · k⃗′ +m

2
)
a
†
(k⃗)a(k⃗

′
)e

i(ω−ω
′
)
δ
3
(k⃗ − k⃗′)

+
(
−ωω′ − k⃗ · k⃗′ +m

2
)
a
†
(k⃗)a

†
(k⃗

′
)e

i(ω+ω
′
)
δ
3
(k⃗ + k⃗

′
)
)

=
1

2

∫
d
3
k

(2π)
3
2ω

d
3
k
′

(2π)
3
2ω

′ (2π)
3
(
ωω

′
+ k⃗ · k⃗′ +m

2
)(

a(k⃗)a
†
(k⃗

′
) + a

†
(k⃗)a(k⃗

′
)
)
e
−i(ω−ω

′
)
δ
3
(k⃗ − k⃗′)

=
1

2

∫
d
3
k

(2π)
3
2ω

1

(2π)
3
2ω

(2π)
3
2ω

2
(
a(k⃗)a

†
(k⃗) + a

†
(k⃗)a(k⃗)

)
Delta sift with k⃗ = −k⃗′ → ω = ω

′
and ω

2
= m

2
+ k⃗

2
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Cancel common factors
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(ab)

†
= b

†
a
† → H

†
= H is hermitian
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Apply commutator a(k⃗)a
†
(k⃗

′
)− a†(k⃗′)a(k⃗)a†(k⃗′) = [a(k⃗), a

†
(k⃗

′
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3
2ω δ

3
(k⃗ − k⃗′)
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∫
d
3
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3
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†
(k⃗)a(k⃗) ■
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Shifting the energy by a (finite or infinite) constant doesn’t change the dynamics

■
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The resulting Hamiltonian is normal-ordered

■
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Energy Spectrum



Hn|E⟩ = E|E⟩

Energy eigenvalue equation

Hna(k⃗)|E⟩ =
∫

d
3
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Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

a(k⃗)|E⟩

What is the energy of this state?
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3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

Apply the Hamiltonian operator expansion

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

Apply commutator [a(k⃗), a(k⃗
′
)] = 0

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

Apply commutator [a
†
(k⃗

′
), a(k⃗)] = −(2π)32ω δ3(k⃗′ − k⃗)

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

Dirac delta sift on second term

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hamiltonian operator expansion on first term

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩

As Hn|E⟩ = E|E⟩



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩

a annihilates an energy quantum ℏω



Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ =
∫

d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗)a(k⃗

′
)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
(
a(k⃗)a

†
(k⃗

′
)− (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
a(k⃗

′
)|E⟩

= a(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩ − ω a(k⃗)|E⟩

= a(k⃗)Hn|E⟩ − ω a(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩

a annihilates an energy quantum ω in natural units



Hn|E⟩ = E|E⟩

Energy eigenvalue equation

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

a
†
(k⃗)|E⟩

What is the energy of this state?

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

Apply the Hamiltonian operator expansion

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

Apply commutator [a(k⃗
′
), a

†
(k⃗)] = (2π)

3
2ω δ

3
(k⃗

′ − k⃗)

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

Dirac delta sift on second term

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

Apply commutator [a
†
(k⃗

′
), a

†
(k⃗)] = 0

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hamiltonian operator expansion on first term

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)a

†
(k⃗)|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)
(
a
†
(k⃗)a(k⃗

′
) + (2π)

3
2ω δ

3
(k⃗

′ − k⃗)
)
|E⟩

=

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a

†
(k⃗)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)

∫
d
3
k
′

(2π)
3
2ω

′ ω
′
a
†
(k⃗

′
)a(k⃗

′
)|E⟩+ ω a

†
(k⃗)|E⟩

= a
†
(k⃗)Hn|E⟩+ ω a

†
(k⃗)|E⟩

Hna
†
(k⃗)|E⟩ = (E + ω)a

†
(k⃗)|E⟩

As Hn|E⟩ = E|E⟩

Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩



Hn|E⟩ = E|E⟩

Hna
†
(k⃗)|E⟩ =

∫
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Hna(k⃗)|E⟩ = (E − ω)a(k⃗)|E⟩
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√
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√
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⟨n+ 1|c∗c|n+ 1⟩ = ⟨n|aa†|n⟩ = ⟨n|a†a+ 1|n⟩
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Pre-factor normalizes the state as for the quantum simple harmonic oscillator

a
†|n⟩ = c|n+ 1⟩ → ⟨n|a = ⟨n+ 1|c∗
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Feynman Propagator
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Recall the free Klein-Gordon equation
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′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

Compare Schrödinger equation

(
iℏ∂t +

ℏ2

2m
∇2

)
ψ(x⃗) = V (x⃗)ψ(x⃗) ≡ J(x⃗)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

“Green’s function” propagator is the solution for a point source

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

General solution is the superposition with the source, where ϕ0(x) solves the free equation

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′)

Check by applying □2
+m

2
to both sides, where □2

= ∂
2
t −∇

2
x

= 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′)

Free and point solutions

= J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

Dirac delta sifting

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G̃(k)

Fourier expand into momentum states whose components k
µ
are independent, so generically k

0 ̸= ω

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

Simpler notation is common but slightly ambiguous

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

Fourier expand the Dirac delta point source into momentum states

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

Substitute into propagator Green’s function differential equation

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

Differentiate with □2
= ∂

2
t −∇

2
x

(−k2 +m
2
)G(k) = −1



(□2
+m

2
)ϕ(x) = J(x)

(□2
+m

2
)G(x− x′) = −δ4(x− x′)

ϕ(x) = ϕ0(x)−
∫
d
4
x
′
G(x− x′)J(x′)

(□2
+m

2
)ϕ(x) = (□2

+m
2
)ϕ0(x)− (□2

+m
2
)

∫
d
4
x
′
G(x− x′)J(x′) = 0 +

∫
d
4
x
′
δ
4
(x− x′)J(x′) = J(x)

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

δ
4
(x− x′) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(□2
+m

2
)

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

∫
d
4
k

(2π)
4 (−k2 +m

2
)e

−ik·(x−x
′
)
G(k) = −

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)

(−k2 +m
2
)G(k) = −1

Compare integrands



(−k2 +m
2
)G(k) = −1

G(k) =
1

k
2 −m2

Solve for the momentum space propagator



G(k) =
1

k
2 −m2 =

1

(k
0
)
2 − k⃗ 2 −m2

Spacetime split

=
1

(k
0
)
2 − ω2

+

, ω+ = +

√
k⃗

2
+m

2
> 0

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

=

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
) 1

(k
0
)
2 − ω2

+

∆F (k) =
1

k
2 −m2

+ iϵ
′ =

1

(k
0
)
2 − (ω+ − iϵ)

2 +O(ϵ2)

=
1

2ω+

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)
+O(ϵ)

∆F (x− x
′
) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
∆F (k)

=

∫
d
3
k

(2π)
3
2ω+

e
−ik·(x−x

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)



G(k) =
1

k
2 −m2 =

1

(k
0
)
2 − k⃗ 2 −m2 =

1

(k
0
)
2 − ω2

+

, ω+ = +

√
k⃗

2
+m

2
> 0

Substitute the positive frequency

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

=

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
) 1

(k
0
)
2 − ω2

+

∆F (k) =
1

k
2 −m2

+ iϵ
′ =

1

(k
0
)
2 − (ω+ − iϵ)

2 +O(ϵ2)

=
1

2ω+

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)
+O(ϵ)

∆F (x− x
′
) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
∆F (k)

=

∫
d
3
k

(2π)
3
2ω+

e
−ik·(x−x

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)



G(k) =
1

k
2 −m2 =

1

(k
0
)
2 − k⃗ 2 −m2 =

1

(k
0
)
2 − ω2

+

, ω+ = +

√
k⃗

2
+m

2
> 0

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
′
)
G(k)

Coordinate space Green’s function propagator is the Fourier transform of the momentum space propagator

=

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
) 1

(k
0
)
2 − ω2

+

∆F (k) =
1

k
2 −m2

+ iϵ
′ =

1

(k
0
)
2 − (ω+ − iϵ)

2 +O(ϵ2)

=
1

2ω+

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)
+O(ϵ)

∆F (x− x
′
) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
∆F (k)

=

∫
d
3
k

(2π)
3
2ω+

e
−ik·(x−x

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)



G(k) =
1

k
2 −m2 =

1

(k
0
)
2 − k⃗ 2 −m2 =

1

(k
0
)
2 − ω2

+

, ω+ = +

√
k⃗

2
+m

2
> 0

G(x− x′) =
∫

d
4
k

(2π)
4 e

−ik·(x−x
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=
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=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗
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− 1

k
0
+ (ω+ − iϵ)
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k⃗

2
+m

2
> 0

G(x− x′) =
∫
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=
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Integrand diverges at two poles k
0
= ±ω+ on the real axis
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∆F (x− x
′
) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
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− 1

k
0
+ (ω+ − iϵ)
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=
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∫
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=
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Feynman propagator complexifies the Green’s function ...

=
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∆F (x− x
′
) =

∫
d
4
k

(2π)
4 e

−ik·(x−x
′
)
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=
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− 1

k
0
+ (ω+ − iϵ)
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∫
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=
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by moving the poles infinitesimally off the real axis
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=
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∫
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where ϵ
′
= ϵ 2ω+ ↓ 0
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=
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∫
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Partial fraction decomposition as ϵ ↓ 0
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=
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Coordinate space Feynman propagator is the Fourier transform of the momentum space propagator
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=
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Spacetime split with k · x = k

0
t− k⃗ · x⃗



∫
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Extend the first ω = k
0
real integral ...
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∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

where z ∈ C and ω ∈ R
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∫
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Contour segment A is a circular arc of radius R ↑ ∞
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∫
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The contour integral is proportional to the sum of the residues of the integrand inside the contour
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For t− t′ < 0, close contour from above so the A integral vanishes as R ↑ ∞
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′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

No poles inside the contour leaves no residue

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

For t− t′ > 0, close contour from below so the A integral vanishes as R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

For an integrand f(z), a simple pole at z0 inside the contour leaves the residue

Res(f, z0) = lim
z→z0

(z − z0)f(z)

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

Consolidate results

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi 0, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω − (ω+ − iϵ)
=

{
0, t < t

′

−ie−iω+(t−t
′
)
, t > t

′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0 − (ω+ − iϵ)

= −iΘ(t− t′)e−iω+(t−t
′
)

Restore ω = k
0
and introduce a step function Θ(t)



∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)

Extend the second ω = k
0
real integral ...

∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

to a closed contour C in the complex plane

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

where z ∈ C and ω ∈ R

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

Contour segment A is a circular arc of radius R ↑ ∞

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

The contour integral is proportional to the sum of the residues of the integrand inside the contour

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

For t− t′ < 0, close contour from above so the A integral vanishes as R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

For an integrand f(z), a simple pole at z0 inside the contour leaves the residue

Res(f, z0) = lim
z→z0

(z − z0)f(z)

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

For t− t′ > 0, close contour from below so the A integral vanishes as R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

No poles inside the contour leaves no residue

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

Consolidate results

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)



∫
A

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)
+

∫
dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

∮
C

dz

2π

e
−iz(t−t

′
)

z + (ω+ − iϵ)

∫
A

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
+ =

∮
C

dz

2π

e
−iz(t−t

′
)

z − (ω+ − iϵ)
= 2πi

∑
Res

0 +

+∞∫
−∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi

1

2π
e
−iω+(t−t

′
)
, t < t

′
, ϵ ↓ 0, R ↑ ∞

0 +

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
= 2πi 0, t > t

′
, ϵ ↓ 0, R ↑ ∞

−∞∫
+∞

dω

2π

e
−iω(t−t

′
)

ω + (ω+ − iϵ)
=

{
ie

−iω+(t−t
′
)
, t < t

′

0, t > t
′

−∞∫
+∞

dk
0

2π

e
−ik

0
(t−t

′
)

k
0
+ (ω+ − iϵ)

= iΘ(t
′ − t)eiω+(t−t

′
)

Restore ω = k
0
and introduce a step function Θ(t)



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

Recall Feynman propagator

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

Substitute

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

Expand

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

Replace t→ t
′

Replace k⃗ → −k⃗, where d3k = k
2
dΩ

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

Consolidate with k · x = ω+t− k⃗ · x⃗



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

Multiply by i



∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)

∫
dk

0

2π
e
−ik

0
(t−t

′
)

(
1

k
0 − (ω+ − iϵ)

− 1

k
0
+ (ω+ − iϵ)

)

=

∫
d
3
k

(2π)
3
2ω+

e
ik⃗·(x⃗−x⃗

′
)
(
−iΘ(t− t′)eiω+(t

′−t) − iΘ(t
′ − t)eiω+(t−t

′
)
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t

′−t)i+k⃗·(x⃗−x⃗
′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
)

= −iΘ(t− t′)
∫

d
3
k

(2π)
3
2ω+

e
−iω+(t−t

′
)+ik⃗·(x⃗−x⃗

′
) − iΘ(t

′ − t)
∫

d
3
k

(2π)
3
2ω+

e
iω+(t−t

′
)−ik⃗·(x⃗−x⃗

′
)

= −i
∫

d
3
k

(2π)
3
2ω+

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

Streamline notation



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

Recall real scalar field Fourier decomposition, where notationally a
†
(k⃗) = a(k⃗)

†

=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

Expand Lorentz invariant measure

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
Apply real scalar field to the vacuum state

=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

and create a quantum at x with momentum p = ℏk

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

and create a quantum at x with momentum p = k in natural units

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x) =
∫

d
3
k

(2π)
3
2ω
⟨k⃗|e−ik·x

Adjoint

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

Prime the variables

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

Scalar product is the vacuum expectation

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

Invariant orthonormalization ⟨k⃗|⃗k′⟩ = ⟨0|a(k⃗)a†(k⃗′)|0⟩
= ⟨0|a†(k⃗′)a(k⃗) + (2π)

3
2ω

′
δ
3
(k⃗

′ − k⃗)|0⟩
= 0 + (2π)

3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

Dirac delta sifting, where k⃗
′
= k⃗ forces ω

′
= ω

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)



ϕ(x) =

∫
d
3
k
(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)
=

∫
d
3
k

(2π)
3
2ω

(
a(k⃗)e

−ik·x
+ a

†
(k⃗)e

ik·x
)

ϕ(x)|0⟩ =
∫

d
3
k

(2π)
3
2ω

(
a(k⃗)|0⟩e−ik·x

+ a
†
(k⃗)|0⟩eik·x

)
=

∫
d
3
k

(2π)
3
2ω
|⃗k⟩eik·x

⟨0|ϕ(x′) =
∫

d
3
k
′

(2π)
3
2ω

′ ⟨k⃗
′|e−ik

′·x′

⟨0|ϕ(x′)ϕ(x)|0⟩ =
∫

d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
e
ik·x⟨k⃗′ |⃗k⟩

=

∫
d
3
k
′

(2π)
3
2ω

′

∫
d
3
k

(2π)
3
2ω
e
−ik

′·x′
+ik·x

(2π)
3
2ω

′
δ
3
(k⃗

′ − k⃗)

=

∫
d
3
k

(2π)
3
2ω
e
−ik·(x′−x)

⟨0|ϕ(x)ϕ(x′)|0⟩ =
∫

d
3
k

(2π)
3
2ω
e
ik·(x′−x)

Swapping x and x
′



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

Recall Feynman propagator

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

Substitute

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

Feynman propagator is the vacuum expectation of the time-ordered-product of the field operators

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

Amplitude that a particle is created at time t
′
, propagates from x⃗

′
to x⃗, and is annihilated at a later time t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

Amplitude that a particle is created at time t, propagates from x⃗ to x⃗
′
, and is annihilated at a later time t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

Time ordering means earlier operators to the right of later operators (so applied earlier)

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

Normal ordering means annihilation operators to the right of creation operators, for comparison

■



i∆F (x− x
′
) =

∫
d
3
k

(2π)
3
2ω

(
Θ(t− t′)e−ik·(x−x

′
)
+Θ(t

′ − t)eik·(x−x
′
)
)

= Θ(t− t′)⟨0|ϕ(x)ϕ(x′)|0⟩+Θ(t
′ − t)⟨0|ϕ(x′)ϕ(x)|0⟩

i∆F (x− x
′
) = ⟨0|T (ϕ(x)ϕ(x′))|0⟩

i∆F (x− x
′
) = ⟨0|ϕ(x)ϕ(x′)|0⟩, t > t

′

i∆F (x− x
′
) = ⟨0|ϕ(x′)ϕ(x)|0⟩, t

′
> t

T (A(x)B(x
′
)) =

{
A(x)B(x

′
), t > t

′

B(x
′
)A(x), t

′
> t

■
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