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In this project, the Morris-Thorne metric of the spacetime around a wormhole was investigated
to study the properties of the wormhole and determine if the wormhole might be traversable for
human travellers. First, a 2-D slice of the metric was took by fixing two coordinates ¢ and 0,
and an embedding diagram of the wormhole surface was created. The diagram showed that the
wormhole connects two asymptotically flat spaces. Then, a plot of the geodesic was made to visualize
how a free-falling particle travels through the wormhole. Also, it was concluded that a traveller
experiences small tidal force during the trip if the velocity is small, make the trip through the
wormhole possible. Finally, the stress-energy-momentum tensor showed that the spacetime for the
Morris-Thorne wormhole requires negative energy density, which is only allowed on a microscopic

level for a short time.

I. INTRODUCTION

A wormbhole is an alternate path that allows particles
travel from one point to another. which distinct from
the usual path in flat spacetime. Wormholes are con-
sidered to be a new hope for interstellar travel, since
the path through the wormhole has a smaller time in-
terval, and, most importantly, they are mathematically
constructed solutions to Einstein’s equations for gravity.
In 1988, Michael Morris and Kip Thorne introduced a
simple wormhole solution [? ] to the Einstein’s equation,
which is easy to visualize. In this paper, I will construct
the properties of the wormhole base on the metric, and
make conclusion about a particle travelling through it.

II. SPACETIME AND GENERAL RELATIVITY
A. Coordinates

For classical 3-dimensional coordinates, we use the sets
of basis {r, 8, ¢} or {z,y, z}, which represents only spa-
tial dimensions. For the 4-dimensional spacetime coordi-
nates, we introduce an extra time dimension ct, where ¢ is
the time measured by a static observer and the constant
c is the speed of light.

The four coordinates can be expressed using the no-
tation z*, which is a collection of four variables with
indices p goes from 0 to 3. Each variable represents one
dimension in the coordinate system by
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B. The Metric

In mathematics, the metric d : M x M — [0,00) is a
function that defines the distance between a pair of points
in a metric space M. In physics, we usually call it the

spacetime interval. Suppose we have a 4-D vector space
V with basis {eg,e1,e3,e3}. Let dq be an infinitesimal
displacement, Then the vector dq can be expressed in the
form

3
dq = Z dae,. (2)
=0

On the right side of Eq. (2), the dz* is the vector com-
ponent on the basis e,. Now we find the line element ds
by taking the dot product of the vector dx* on itself. We
have

ds* = (dq,dq) (3)
3 3
= (Z dxt eu> . <Z dz” e,,> (4)
n=0 v=0
3 3
= Z(e# -ey) dxtdx”. (5)
pn=0rv=0

(6)

We define a 4 x 4 matrix with elements g,, = e, - e,.
Then

3 3
ds? = Z Zgwdaj“dm”. (7)
pn=0r=0
In short, we write
ds? = g, datda”. (8)

Notice that there are the same indices pu, v put at the top
and the bottom. That implies a sum over indices pu,v
from 0 to 3.

We use the notation g,,, to represent the rank-2 metric
tensor. In a 4-dimensional spacetime, the indices u, v
goes from 0 to 3. Then the metric has the form of a 4 x 4
matrix

goo go1 go2 9go3
gi0 911 G912 913 ) (9)
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For example, in a 3-D Euclidean space R3 with the set
of orthonormal basis {&,§, 2}, we have

1 =,
eu'eyzéuy:{o Z#l/ (10)

The the metric tensor has the form of a 3 x 3 matrix

; (11)
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and the inverse of the metric tensor g, is denoted by
g"¥. Then we have

ds® = g, datdx” (12)
100) [%

=[de dy dz] [ 010 dy (13)
001 d
z

= da® + dy* + dz?, (14)

which is the space interval on a 3-D Euclidean space.
Also, if we use spherical coordinates {r,0,¢} as the set
of orthogonal basis. Then the metric has the form of a
3 X 3 matrix

10 0
Guw |0 0 : (15)
0 0 r2sin%0

Then the metric takes the form
ds* = dr? + r?d6? 4 r*sin® 0 d¢°. (16)

From the above examples, notice that even in the same
space, the metric has different forms depending on the
basis we use. If we define the vector dzr, = g,,dz",
Eq. (8) becomes

ds? = dx, da", (17)

The vector dx* is the contravariant component, with the
index p on top. Thus we define dz, to be its covariant
counterpart, with the index p on the bottom. The scalar
product of the two is invariant under coordinate trans-
formation, even Lorentz transformation. As a result, the
dot products in Eq. (14) and (16) are equivalent, even
with different basis. This is crucial since observers in any
inertial frame should agree on the spacetime interval.

IIT. MORRIS-THORNE-WORMHOLE

In the above section, we have developed some mathe-
matical definitions and notations. Then we can use them
to study the properties of wormholes.

A. The Metric

The metric introduced by Machael Morris and Kip
Thorne [? ] is described by

ds* = —c2dt® + dI® + (b3 + 1?)(d6? + sin? 0 dp?), (18)
where:

e ¢ is the time measured by a static observer, and
—o0 < t < o0.

e 0, ¢ are spherical polar coordinates, and 0 < 8 < m,
0<¢<2rm

e [ is the radial coordinate, and —oo < I < +00.

For 2 >> b2, the metric takes the form of Eq. (16), which
is a representation of flat spacetime in spherical coordi-
nates. It shows that the spacetime has two asymptoti-
cally flat regions at the limits of [ — +o00 and | = —o0.

B. Embedding Diagram

The metric describes the structure of the wormhole in
4 dimensions. To visualize the wormhole, we first take a
2-D slice of the metric by fixing ¢t = tgp and § = 7/2. Then
if we let [ = /r? — b3, where r is the radial coordinate
used in polar coordinates, the metric become

2
ds® = <T2T ; ) dr® + r2dg?. (19)
— Yo

Now we have a curved 2-dimensional surface in polar
coordinates (r,¢). We can embed the surface in a 3-
dimensional space by expressing it in cylindrical coordi-
nates (r, ¢, z), with

ds* = dr? + r*d¢* + dz? (20)

=(1+ <dz>2 dr? + r*d¢’ (21)
dr ’

We solve for z using Eqs. (19) and (21), and we get

2
s=+boln |7+ <T> —1 . (22)
bo

Then we can plot a slice of the surface of the wormhole
is a 3-D diagram.

Figure 1 shows the curved 2-D surface of the wormhole
being embedding in a 3-D space. For the metric to work,
we assume that the wormhole connects two asymptoti-
cally flat regions, the spacetime gets flatter and flatter as
|l] increases and [2 > b2 by comparison. It also shows
that wormhole has a throat where [ = 0 and r = bg.
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FIG. 1: The embedding diagram of the Morris-Thorne worm-
hole in cylindrical coordinates. Fixed t = to and 0 = 7/2.
There are also 2 asymptotically flat regions on top and bot-
tom.

C. Geodesic

There is a great deal of information we can get from
the metric. A geodesic is the path of a free-falling par-
ticle, with no external force except gravity acting on it,
moving along the space. First we can find the connection
coefficient I' from the metric by

re = lgﬂﬂ (3%:/ + 99pa _ agua) . (23)
2 Oz ozv OxP

The connection coefficient gives us information about
how the tangent vector changes as it moved along the
space. In a curved space, if we parallel transport a tan-
gent vector A, for an infinitesimal displacement along
dz”, the vector components of A* generally changes.
Suppose the new tangent vector is A = AP 4+ §AF in
the parallel transport. Then

SAF = —Tl A da”. (24)

Note that I'!, determines the change of the vector com-
ponents in parallel transport.
The geodesic equation is

2+ " dz® daP

T e 25)

The variable 7 is a scalar parameter. For massive par-
ticles, 7 can be thought of the proper time. Notice the
first term on the left side of Eq. (25) is the acceleration
in respect to each coordinate, and the second term of

FIG. 2: The geodesic (red line) of the free-falling particle on
the surface of the wormhole.

Eq. (25) tells us how the path is curved due to curvature
of the space itself. At the limit of a flat spacetime where
', = 0. Then Eq. (25) becomes
2 2 2
dr_ by o9
dt?2  di2  di?
which agrees with Newton’s First law for a body travel-
ling straight with no net force acting on it.
If we use the connection coefficient for the Morris-
Thorne wormhole, we find that the particle moves along
the world line

[ = vt, (27)
6 = const, (28)
¢ = const, (29)

where v is the velocity of the particle. The proper time
interval A7 for travelling from one point to another is

given by
dxt dxv
AT :/ gHV??dT. (30)
Suppose there is a particle free-falling through the worm-
hole with velocity 0.lc, and it travels from the point
71 = —10 to the point 79 = 10. Then ¢ A7 = 19.9 meters.
Thus the proper time interval is AT = 6.64 x 10~% second,
which is nearly instantaneous. In theory, a wormhole can
directly connect two points that are arbitrary far apart,
but the trip only takes small amount of time. That shows
the path through the wormhole has a much smaller the
time interval.
Figure 2 shows the geodesic of the free-falling particle
expressed in cylindrical coordinates. The plot was over-
lapped with the embedding diagram of the wormbhole,



showing how the particle travels along the surface of the
wormbhole.

D. Tidal Force

When free-falling through the wormhole, we expect a
tidal force that stretches and twists the traveller. That
means a traveller will not survive the trip if there is strong
tidal force. To understand the tidal acceleration on the
free-falling particle, we have to consider the Riemann cur-
vature tensor in the frame of the particle.

Then we can find the Riemann curvature tensor by

Rﬁaﬂ =T — F‘;Q’B + FzﬁFﬁ/‘a - T (31)

v, va© v

However, all the calculations above took place in the
reference frame of a static observer, which is the unbarred
frame. Now we need information in the frame of the
free-falling particle, the barred frame. Then we need to
apply Lorentz transformation to the tensor. Suppose the
particle is free-falling with velocity v, then the Lorentz-
transform matrix has the form

¥, , (32)

o o(ﬁeQ

Yo
v
0
0

o= OO
= O OO

where 7 = (1—v2/c?)~'/2. Then we obtain the Riemann
curvature tensor Rj;53 in the frame of the free-falling

particle by the set of equations

Ré)\pa = g(s"{R;\ypo'7 (33>
= L’ LY, L5 L7 5 Ropos (34)

where Rs),, and R} po A€ simply two different forms of
the Riemann curvature tensor in the frame of the static
observer. Using Eq. (34) with some calculation, it was
found that

o pe (1Y b
R3435 = R3030 = ( B ) O+ 22 (35)
Also for p,v # 2 and p,v # 3,
Rﬁ()l;() = 0. (36)

Then the tidal acceleration vector A* can be found by

Al = —g" Raop0”, (37)

where the barred indices indicate that the calculation
takes place in the barred frame. We can conclude from
Eq. (35) and (37) that at the limit of v — 0, the tidal
acceleration also goes to zero and vanishes. That means
theoretically, a traveller with small velocity can survive
the trip through the wormhole, making the wormhole
traversable.

IV. STRESS-ENERGY-MOMENTUM TENSOR

In 4-dimensional space-time, the classical momentum
p of a massive particle is generalized to the 4-momentum

p* by

p° E/c
1
pes [Py = | P 38
p »? Dy (38)
p? P

where E is the relativistic energy and p = (pg, py,p-) is
the spatial momentum.

The stress-energy-momentum tensor T}, is defined to
be [? ]

dp*
Tl“’ < dT‘/V, (39)
which means 4-momentum per 3-volume. We specifcally
66 dE
look at 790 = ———— which is called the energy density
drdydz

p. The indices /i, 7 indicates that the tensors or vectors
are normalized.

Since R‘lfa 3 is a rank-4 tensor, we can contract it to a
rank-2 tensor. For example,

R, = Rz(w (40)
and
R = g"*R,,, (41)

where g"¥ is the inverse of the metric tensor g,,. Then
the scalar curvature R of the spacetime surface can be
obtained by

R= R (42)

Finally, the Einstein curvature tensor G, is defined
to be

1
G’ul/ = RHV — iRgMV. (43)

Then Einstein’s equations relate the Einstein curvature
tensor G, and the stress-energy tensor 1), by

G = 0, (44)
which is a proportionality relationship. Note that G,
is about the curvature of the space and T, is about the
mass and energy present in the space. Then Einstein’s
equations suggest that spacetime is curved due to the
presence of mass and energy, and then the motion of
bodies depends on the geodesic of the curved spacetime.
This is a generalization of gravity between bodies.
In most cases, we work with the contravariant form
of the stress-energy-momentum tensor, denoted by T+,
which is given by

T = g““g“ﬁTag. (45)



Then, to normalize the tensors, we have

T = \ 9 Gor | TH . (46)

Note that there is no implied sum in Eq. (46). The equa-
tion only involves simple multiplication of elements.

The energy density p of the wormhole from the view of
the static observer can be found using the stress-energy
tensor by

4 2
c b

_qpoo ¢ by
P 817G (B2 + 12)2

<0, (47)
which has a negative value. From the above result, an
observer near the Morris-Thorne-wormhole will observe
negative energy density, which is unlikely to happen on
a macroscopic level. However, the quantum field theory
does allow negative energy density on a microscopic level
for a short time.

V. CONCLUSION

A wormbhole is expressed in 4-D spacetime. However,
we could take a 2-D slice of the wormhole and visualize

it on a 3-D space, which is called the embedding dia-
gram. We could see from the diagram that this metric
agrees with the assumption that the wormhole connects
two asymptotically flat surface. For a free-falling particle,
the geodesic plot also showed how a free-falling particle
moves on the surface of the wormhole. A calculation of
the proper time interval showed that travelling through
a wormhole only takes a small amount of time, which
shows how beneficial wormholes are. When the parti-
cle is travelling with small velocity, the tidal force on a
particle becomes very small That means theoretically a
human can travel through the wormhole safely. How-
ever, the calculation also showed that an observer near
the wormhole will observe negative energy density, which
is very unlikely to happen, except in a microscopic level
for a short time. That also explains why we have never
observed a wormhole anywhere in space.
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