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This paper introduces the basic understanding of the quantum system, concepts of states and
state operator. Applying the properties of state operator to the spin-1/2 particle, we were able to
further examine the expectation values of the observable in the Stern-Gerlach experiment and the
Bernstein experiment. The result shows a direct connection between the disappearance of the off-
diagonal elements of the density matrix and the loss of the quantum information. This conclusion
was further tested through the quantum particle exhibiting Brownian motion in the finite square
potential well.

I. INTRODUCTION

Ever since the quantum theory was developed, the de-
bate about the relation of quantum physics to the fa-
miliar physical world continued [1]. Though the border
line between the quantum and the classical worlds still
remains unclear to us, the previous study conducted by
J. Gamble suggested that the transition between these
two worlds is related to the loss of the quantum mechan-
ical information from a quantum system to a classical
environment [2].

Due to the correspondence between the state operator
and the state of a quantum system, the physical change
of a system from a state to another during such a transi-
tion will be shown through the change of its correspond-
ing state operator. In our study, we will first derive the
general form of state operator for a spin-1/2 particle. We
will then use this result in the Bernstein thought experi-
ment.

The Bernstein experiment is closely related to the
Stern-Gerlach experiment, which measures the spin of
a particle through its analyzer. In addition to the Stern-
Gerlach apparatus, we will have a roulette wheel as a
classical component to cause the leakage of quantum in-
formation. Comparing the expectation values and the
state operators in the case of having a roulette wheel and
the case of not having a roulette wheel, we will find that
the off-diagonal elements of the density matrix indicate
the emergence of the classical system.

Based on the conclusion we obtain from the Bernstein
experiment, we will then apply to a different system that
can rather show a gradual evolvement of a quantum sys-
tem to a classical mixture. Hence, we will examine the
state of a quantum particle in a finite square well that is
immersed in the statistical gas.

Both the Bernstein experiment and the particle in a
finite well experiment consist of a simple system compo-
nent that is treated quantum mechanically, and a com-
plex environmental component that is treated classically,
both components interfering with each other. From such
an interference, a classical world will emerge from a quan-
tum mechanical one due to its loss of information, and
indicated through the off-diagonal elements of its density

matrix.

II. UNDERSTANDING THE QUANTUM
WORLD

A. What is Hilbert space

To understand Hilbert space, we can compare it with
a general vector space. A general vector space of di-
mension n consists of vectors ~v = (v1, v2, .., vn) and the
linear combinations of vectors a~v+ b~u, where a and b are
either real or complex numbers. The Dirac notation of
a vector ~a = (a1, a2, ..., an) is denoted by ket |α〉, and
its conjugate transpose ~aH = (a∗1, a

∗
2, .., a

∗
n)is denoted by

bra 〈α|. The inner product of 〈α| and |α〉 is defined as
〈α|α〉 = a∗1a1 +a∗2a2 + ...+a∗nan, where a∗1 is the complex
conjugate of a1. Elements of the vector in the equa-
tion above represent numbers are numbers while α is the
name of the vector, which does not have any mathemati-
cal values [3]. A Hilbert space of dimension n is a general
vector space that also contains the inner product. In this
paper, we will be only dealing with Hilbert space with
finite dimensions.

B. From Classical to Quantum

As R.B. Griffiths addressed in Consistent Quantum
theory, a possible state of a classical particle in one di-
mension at time t can be represented by a point on the
phase-space diagram. Such a point (x, p), where x is the
location and p is the momentum of the particle, provides
a complete description of the state of the particle. Two
classical states have exactly the same physical meaning
if and only if they can be represented by two overlaid
points on the phase space diagram. Similarly, a com-
plete description of the state of a quantum particle at
time t is given by its wave function ψ(x). Though for a
particular value of x = x0, there will be a correspond-
ing value of ψ(x0), it does provide any physical meaning
for the particle at location x = x0. Instead, its physi-
cal meaning is provided by the integration of its absolute
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value from x = a to x = b
∫ b
a
|ψ(x)|2dx, which indicates

the probability of finding the particle between locations a
and b [4]. The variables, such as x (position), p (momen-
tum) and s (spin), that can, in principle, be measured are
considered as observables [6]. The observables are rep-
resented by Hermitian operators that belong to Hilbert
space. A quantum state can then be understood as a set
of the probability distribution for all the observables [6].
Wave functions represent a possible state of a quantum
particle, except for the state ψ(x) where every value of
x is zero. Since wave functions belong to Hilbert space,
a linear combination of two wave functions ψ(x) and ϕx
in Hilbert space can be written as

ω(x) = αψ(x) + βϕ(x), (1)

where α and β are two complex numbers [3] that belong
to Hilbert space, and ω(x) is a distinct wave function in
Hilbert space. In general, wave function ψ(x) expressed
in Dirac notion is denoted as |ψ〉 and its conjugate ψ(x)∗

is denoted as 〈ψ|. Hence, we an express Eq. 1 in Dirac
notation as

〈x|ω〉 = α 〈x|ψ〉+ β 〈x|ϕ〉 . (2)

C. The State Operator

For each quantum state, there corresponds a unique
state operator [5]. Compared with state vector, a state
operator has its advantage of being able to represent a
system in both pure state and mixed state. A quantum
system is in a pure state when we have a complete knowl-
edge of the state this system is in [5]. For example, for
a spin-1/2 particle, we know exactly it is in a state |ψ〉
as a superposition of basis state |↑〉 and |↓〉. In this case,
the state operator of this system is given by

ρ̂ = |ψ〉 〈ψ| . (3)

A mixed state can be seen as an ensemble of the pure

states
J∑
j=1

|ψj〉 with pj as the probability for the quantum

system being in one of the state |ψj〉 [6]. A mixed state of
a quantum system cannot be considered as the same kind
of quantum state as a superposition. In fact, a mixed
state only tells us that a system can be in one of the
pure states with certain probability rather than being in
an exact state as a superposition of these pure states. In
another word, the mixed state is a statistical state that
indicates our lack of knowledge of the system rather than
an actual physical state os the system. Hence, a mixed
state can also be seen as a state where we have an only
particle or none of the knowledge of the system [5]. The
definition of a state operator in a mixed state is given by

ρ̂ =

J∑
j=1

pj |ψj〉 〈ψj | . (4)

Based on this information of the state operator, we
will then derived the properties and the expression of
the state operator of the spin-1/2 particle.

III. THE BERNSTEIN EXPERIMENT

A. The State Operator of a Spin-1/2 Particle

We will first consider the case for a silver atom with
one unpaired electron that has an intrinsic property of
spin-1/2. A spin-1/2 particle has two basis vectors: spin
up along z-axis |↑〉 corresponding to the particle with
sz = −~/2, and spin down along z-axis |↓〉 corresponding
to the particle with sz = ~/2. Since this particle has two
possible states - “spin up” |↑〉 and “spin down” |↓〉, the
state of the particle can be written as the superposition
of two basis states as

|ψ〉 = α |↑〉+ β |↓〉 = α

[
1
0

]
+ β

[
0
1

]
=

[
α
β

]
. (5)

Since there are only two basis states for a spin-1/2 parti-
cle, we will be only dealing with two dimensional Hilbert
space. Representing the actual physical state of the par-
ticle, |ψ〉 is normalized as

〈ψ|ψ〉 =
[
α∗ β∗

] [α
β

]
= αα∗ + ββ∗ ≡ 1 (6)

From the definition of state operator, we can construct
a two dimensional state operator

ρ̂ = |ψ〉 〈ψ| =
[
α
β

] [
α∗ β∗

]
=

[
Hilbertαα∗ αβ∗

βα∗ ββ∗

]
. (7)

From Eq. 6, we have the trace of the state operator

Tr (ρ̂) = αα∗ + ββ∗ = 1. (8)

Moreover, if we construct the matrix form of the ad-
joint operator of the state operator

ρ̂† =

[
αα∗ αβ∗

βα∗ ββ∗

]†
=

[
α∗α β∗α
α∗β β∗β

]
, (9)

and compare it with Eq. 8, we can conclude that

ρ̂† = ρ̂. (10)

Eq. 10 proves that state operator ρ̂ is a hermitian oper-
ator.

Applying Eq. 6 to the square of ρ̂ shows

ρ̂2 = |ψ〉 〈ψ| |ψ〉 〈ψ| = |ψ〉 〈ψ| = ρ̂, (11)

which indicates that ρ̂ is a projection operator. In the
following steps, we will apply the properties of two-
dimensional state operator ρ̂ above to the spin of the
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spin-1/2 particle. As an observable, spin is represented
by spin operator

Ŝ =

ŜxŜy
Ŝz

 , (12)

where Ŝx, Ŝy and Ŝz are component operators [11]. Com-
ponent operators are given by D. J. Griffiths [4] as

Ŝx =
~
2

[
0 1
1 0

]
, Ŝy =

~
2

[
0 −i
i 0

]
, Ŝx =

~
2

[
1 0
0 −1

]
(13)

.
Based on the form of Eq. 13, J.Gamble [7] suggested

to use identity matrix and Pauli matrices to form a com-
plete basis for an arbitrary operator Â in two dimensional
Hilbert space

Â = rI

[
1 0
0 1

]
+
rx
2

[
0 1
1 0

]
+
ry
2

[
0 −i
i 0

]
+
rz
2

[
1 0
0 −1

]
=

1

2

[
2rI + rz rx − iry
rx + iry 2rI − rz

]
,

(14)

where rI , rx, ry, and rz are complex scalars.
Applying the result from Eq. 8 to the arbitrary state

operator Â, we have

1 ≡ Tr(Â)

=
1

2
(2rI + rz + 2rI − rz)

rI =
1

2
.

(15)

Applying Eq. 10 to the arbitrary state operator Â, we
have

Â = Â†

1

2

[
2rI + rz rx − iry
rx + iry 2rI − rz

]
=

1

2

[
2r∗I + r∗z r∗x + iry
r∗x − iry 2r∗I − r∗z

]
(16)

This equation gives us a set of equations

rx = r∗x,

ry = r∗y,

rz = r∗z
rI = r∗I

. (17)

Eq. 17 shows the equality between a number and its con-
jugate, which means that complex scalars rx, ry, rz, and
rI are in fact real numbers.

If we compute Â2 by using the results from Eq. 15 and
Eq. 11, we have

r2
x + r2

y + r2
z = 1. (18)

Eq. 18 gives us a unit sphere in space formed by the
unit vector r̂ = rxx̂+ry ŷ+rz ẑ, where x̂, ŷ and x̂ are unit

vector in x, y and z directions. Since we will be dealing
with spherical coordinates when applying state operator
in the following thought experiment, we will express Â
in terms of spherical coordinates based on Eq. 21. Ex-
pressing such a unit sphere with spherical coordinates
r̂ = sin θ cosφx̂+ sin θ sinφŷ + cos θẑ, we have

rx = sin θ cosφ

ry = sin θ sinφ

rz = cos θ.

(19)

If we apply the values of rx, ry, and rz to Eq. 14, we
will obtain the expression of an arbitrary state operator
in spherical coordinates

Â =
1

2

[
1 + cos θ sin θ cosφ− i sin θ sinφ

sin θ cosφ− i sin θ sinφ 1− cos θ

]
(20)

This result from our derivation of the state operator of
spin-1/2 particle matches J. Gamble’s result in reference
[8].

B. the Stern-Gerlach Experiment

In the Stern-Gerlach experiment, a beam of a spin-1/2
neutral silver atoms is sent through the Stern-Gerlach
analyzer along the z-axis and projected onto the screen,
as shown in FIg. 1. The Stern-Gerlach analyzer is com-
posed of two pieces of nonidentical magnets that create a
non-uniform magnetic field. The analyzer is oriented in
a way such that the magnetic field gradient is in the y di-
rection. If we send a series of classical bar magnets with
different orientation within the x-y plane, the magnets
will experience a magnetic force when passing through
the magnetic field. Since the magnets are deflected be-
fore reaching the screen, they will create a pattern of the
projected position shown as in FIg. 1.

Similar to the dipole magnetic field of classical mag-
nets, a spin-1/2 neutral silver atom has a magnetic field

due to the spin ~S of its unpaired electron, as shown in
FIg. 2. The strength of its magnetic field, measured by
magnetic moment ~µs is proportional to the spin

~µs = g
q

2m
~S, (21)

where g is the gyromagnetic ratio, q is the charge of the
electron, and m is the mass of the electron. Since the
magnetic field in the analyzer is not uniform, there will be
a magnetic force exerted on the silver atom in y-direction
with magnitude ~µs is proportional to the spin

Fy =
∂(~µ · ~B)

∂y
=
∂(µy ~B)

∂y
, (22)

where ~B is the magnetic field in the analyzer with mag-
nitude of B, µy is the y component of magnetic moment.
From both Eq. 21 and Eq. 22, we can conclude that the
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FIG. 1: The apparatus of the Bernstein experiment. The ap-
paratus consists of a Stern-Gerlach analyzer, a roulette wheel,
an angular control device and the screen. The purple line in-
dicates the traveling silver beam. The red arrow indicates the
initial spin of the silver atoms. The light blue area on the
screen indicates the classical results. The light yellow area on
the screen indicates the non-classical results. This figure is
reproduced from the reference [7].

FIG. 2: The spin moment of an electron. The top arrow
indicates the spin of the particle. The elliptical shaped ar-
rows indicate the magnetic field of the particle. This figure is
reproduced from the reference [8].

magnetic exerted on the silver atom is determined by
the component of the spin in the magnetic field gradient
direction, in our case, in the y-direction. In conclusion,
since the deflection of the silver atom depends on its spin,
the Stern-Gerlach analyzer can sort out the spin of the
silver atom by showing the location of its landing.

C. the Bernstein Experiment

We now examine a thought experiment that is ex-
tended from the Stern-Gerlach experiment and originally
revised by Herbert J. Bernstein [2]. There are two new
elements added to the apparatus in the original experi-
ment: an angular control device and a classical roulette
wheel, as shown in FIg. 1. The angular control device
is attached to the silver beam source to fix the initial
spin of silver atoms at an arbitrary angle φ0 within the
XY plane. The classical roulette wheel is inserted be-

tween the angular control device and the analyzer and
attached to another angular control device. Every time
we spin the wheel, it will generate a number randomly
chosen between 0 and 2π and assign this number to the
connected angular control device. This angular control
device will then add an angle φw to the initial angle of
the passing silver atom. First, we will explore the case
where the classical roulette wheel is not added to the ap-
paratus. The initial condition given by the first angular
control device allows us to modify the Eq. 19 at θ = π/2
and φ = φ0

rx = cosφ0

ry = sinφ0

rz = 0.

(23)

Applying these values of rx, ry and rz to Eq. 14, we
can construct the state operator for a silver atom

ρ̂a =
1

2

[
1 cosφ0 − i sinφ0

cosφ0 + i sinφ0 0

]
=

1

2

[
1 e−iφ0

eiφ0 1

]
.

(24)

Firstly, we will construct an operator Ô associated with
our Stern-Gerlach analyzer that has magnetic field ori-
ented in y direction. This means that the analyzer will
sort out the y component of spin. In addition, as ad-
dressed in the previous session, since the silver atom is in
the superposition of two states ↑ and ↓, we can construct
the state vector of a silver atom as

Ŝy =
−i~

2

[
1
0

]
+
i~
2

[
0
1

]
. (25)

Since two spin states |↑〉 and |↓〉 are eigenfunctions of

Ô with eigenvalues −i~/2 and i~/2 respectively, we will
have

Ô

[
1
0

]
=
−i~

2

[
1
0

]
Ô

[
0
1

]
=
i~
2

[
0
1

]
,

(26)

which gives us the Stern-Gerlach operator

Ô =
~
2

[
0 −i
i 0

]
. (27)

In order to obtain the expectation value of the observ-
able Ô, we use the formula provided by Ballentine that
indicates the relation between a state operator ρ̂ and an
arbitrary observable Â

Tr(ρ̂Â) = 〈Â〉. (28)

Applying Eq. 28 to the operator Ô and the state operator
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ρ̂a, we obtain the expectation value

〈Ô〉 = Tr(ρ̂aÔ)

=
~
4
Tr

([
1 e−iφ0

eiφ0 1

] [
0 −i
i 0

])
=

~
2

sinφ0.

(29)

Secondly, we will explore the situation when the
roulette wheel plays a role in the experiment. In this case,
the total spin angle of the silver atom is φ = φ0 + φw.
Based on Eq. 28, we know that in order to obtain the
new expectation value of the observable Ôw, it requires
us to derive a new state operator ρ̂w. From the definition
of the expectation value, we know for a function f [φ], its
expectation value is

〈f [φ]〉 =
1

2π

∫ 2π

0

f [φ]dφ, (30)

where 1/2π is the result of the integration of the proba-
bility density. Followed from this equation, we can also
conclude that

〈g[x]f [φ]〉

=
1

2π

∫ 2π

−0

g[x]f [φ]dφ

=
1

2π
g[x]

∫ 2π

−0

f [φ]dφ

= g〈f [φ]〉.

(31)

where g[x] is a function that does not depend on φ. Eq. 27

shows that operator Ô does not depend on φ while state
operator ρ̂ does. Hence, as J. Gamble pointed out, to
average Ô is to average ρ̂

ρ̂w

= 〈ρ̂a〉

=
1

2π

∫ 2π

−0

ρ̂adφ

=
1

2

[
1 0
0 1

] . (32)

Using this result of ρ̂w, we compute the expectation
value of Ô with the roulette wheel

〈Ô〉w = Tr(ρ̂wÔ)

=
~
4
Tr

([
1 0
0 1

] [
0 −i
i 0

])
= 0.

(33)

Comparing the expression of the state operators from
Eq. 24 and Eq. 36, we can see after including the roulette
wheel the off-diagonal elements of the matrix become
zero. Furthermore, the expectation value in Eq. 37 shows

FIG. 3: The expectation value of the state operator Ô. The
dotted line indicates the expectation value 〈Ô〉w when includ-
ing the roulette wheel. The red solid line indicates the expec-
tation value 〈Ô〉 when not including the roulette wheel. The
initial angle φ0 varies from 0 to 2π. This figure is reproduced
from the reference [7].

that it no longer depends on the initial angle φ0 and
yields a constant value of zero, as shown in FIg. 3.

This indicates that no matter what angle the silver
atom was initially assigned, half of the measurements we
obtained will always be spin up and the other half spin
down, even if the spin is not in the same direction as the
magnetic field gradient. Due to the classical randomness,
50% of getting the ~/2 eventually averages out the 50%
of getting −~/2. On the other hand, the expectation
value in Eq. 29 indicates its dependency of the initial
angle φ0, as shown in FIg. 3. Moreover, it shows that the
particle is indeed in a superposition of two states: one at
initial condition of φ0 = π/2, where we only measured
~/2 for a spin up, and another at φ0 = 3π/2, where we
only measured −~/2 for the spin down. When φ0 = 0
, π and 2π, the measurements are the same as the case
including the wheel, since the spin is polarized in the
x-direction that is perpendicular to the magnetic field
gradient. Based on such comparison, we can conclude
that the interaction between the classical roulette wheel
and the original apparatus causes the loss of quantum
information. This is implied by the disappearance of the
off-diagonal elements in their state operator.

IV. BROWNIAN MOTION OF A PARTICLE IN
A FINITE SQUARE WELL

In order to emphasize the connection between the dis-
appearance of the off-diagonal elements of the density
matrix and the loss of quantum information, we gen-
erated a model based on a physical system in thermal
equilibrium with a statistical gas [7].

Considering a quantum particle (a system) with mass
ms surrounded by environment particles with mass me,
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FIG. 4: The Brownian motion of a quantum particle in a finite
square well. The orange circle indicates the system particle
in the well. The blue circles indicate the moving environment
particles with the arrows indicating their moving direction.
The potential well is reproduced from the reference [4].

as shown in FIg. 4, the quantum particle continuously ex-
periences collisions with the environment particles. The
motion of the system in such an environment is called
Brownian motion. The mass of the system is signifi-
cantly larger than the mass of the environment particles
me/ms � 1. The environment particles, in this case,
acts similarly to the classical roulette wheel in the last
session. By interacting with the quantum systems, they
both cause the leakage of the quantum information and
turn it into a classical mixture over time.

The equation of motion for such a system is derived by
J.Gamble as

∂

∂ρs
t = −2(x− y)2 ΓmekT

~2
ρs, (34)

where Γ is the frequency of the collision between the en-
vironment particles and the system, T is the temperature
of the environment, and k is the Boltzmann’s constant.
We apply such a result to the case of a system in finite
square well. As shown in FIg. 4, a particle is placed in a
finite square potential well

V (x) =

{
0, for −L/2 6 x > L/2,

V0, for |x| > L/2,

where V0 is a positive constant, L is the width of the well,
and V (x) is the potential as a function of position x. By
solving the Schrödinger equation

− ~2

2m

d2ψ

dx2
+ V ψ = Eψ, (35)

we have the solution as a piecewise function

ψ(x) =


g e(cx), for |x| < −L/2

a sin dx+ b cos dx for −L/2 6 x > L/2

h e(−cx), for |x| > L/2
where c =

√
2ms(V − E)/2, d =

√
2msE/2, E is the

energy of the system particle, and g, a, b, h are constants.
We applied the continuity and smoothness of the wave
function at x = −L/2 and x = −L/2 as boundary condi-
tions in order to solve the coefficients numerically. Using
Mathematica, we obtained the eigenvalues and eigen-
functions for several allowed energy levels.

In order to obtain the state operator of such a system,
we use the formula [7]

ρs(x, y, 0) = ψ(x)ψ∗(y) (36)

to obtain the (x, y) element of density matrix. We then
applied this result to the solution of Eq. 34

ρs(x, y, t) = ρs(x, y, 0)e−(2ΓmekT/~2)(x−y)2t, (37)

for the element of density matrix at time t.

The evolvement of the state operator (in density ma-
trix form) of system particle at the third excited state
is shown in Fig. 5. From this figure, we can see the
disappearance of the off-diagonal elements of the state
operator as the collision continues over time in a finite
square well.

V. CONCLUSION

Though quantum system and classical system have
some fundamental differences. The leakage of quantum
information from a quantum system to the environment
(a classical system) can eventually lead to the transi-
tion from one to another. Through introducing the ideas
of Hilbert space, the state of quantum system, super-
position, and the state operator, we were able to exam-
ine some of the simple quantum systems, such as the
Stern-Gerlach experiment and the infinite square well,
and conclude a connection between the disappearance of
off-diagonal element of the density matrix and the emer-
gence of the classical system. Both the thought experi-
ments and the results from the model support the con-
clusion.
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